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Definition 1 G < Q" has rank n iff G contains
n linearly independent elements.

Definition 2 R(Q") is the standard Borel space
of all subgroups G < Q™ of rank n.

Definition 3 =,, denotes the isomorphism
relation on R(Q™).

Theorem 4 (S.T. 2000) (=) <p (=,41) for
all n > 1.



Definition 5 An abelian group A is said to be
p-local iff A is q-divisible for every prime q # p.

Definition 6 R(P)(Q") is the standard
Borel space of all p-local subgroups G < Q"
of rank n.

Definition 7 %%p) denotes the isomorphism
relation on R(P)(QM).

Theorem 8 (S.T. 2000) Fix aprimep. Then
(%%p)) <B (E,fﬁ')_l) for all n > 1.



Question 9 Fix some prime p and some

n > 2. Is the classification problem for the
p-local torsion-free abelian groups of rank n
strictly easier than that for arbitrary torsion-
free abelian groups of rank n?

Question 10 Fix some n > 2 and let p # q
be distinct primes. Are the the classification
problems for the p-local and g-local torsion-
free abelian groups of rank n comparable with
respect to Borel reducibility?



Theorem 11 (S.T. 2002) Ifn >3 and

p % q are distinct primes, then —(p) and N(Q)
are incomparable with respect to Bore/
reducibility.

Corollary 12 (S.T. 2002) Ifn>3 andpis a
prime, then (N(p)) <p (=n).



First note that if A, B ¢ R(®)(Q"), then

A= B iff 3ge€GLn(Q) g¢(A) = B.

We must show that there doesn’t exist a Borel
map

f: RP(Q™) — R@(Q™)

A, B lie in the same GL,(Q)-orbit iff f(A),
f(B) lie in the same GL,(Q)-orbit.



First we apply the Kurosh-Malcev localisation.

Definition 13 For each A ¢ R®P)(QM), let
A=7,® A.

We regard each A as a subgroup of Qg in the
usual way. There exist elements v;, w; € A
such that

k
A = EB vai Q¥ EB pr]

Definition 14 For each A ¢ R®P)(QM), let
VA — @f:]_ vai'



Definition 15 A~ B iff AN B has finite index
in both A and B.

Definition 16 A ~ B iff there exists p € GL,(Q)
such that ¢(A) =~ B.

Theorem 17 If A, B ¢ R(®)(Q™), then

(3a) A~ B iff Vi = Vg.

(b) A ~ B iff there exists m € GL,(Q) such that
m(V4) = Vp.



Thus the isomorphism relation %5;)) on R(P)(Qn)
is virtually the same as the orbit equivalence
relation of GL,(Q) on the set of vector
subspaces of Qj.

Definition 18 If 0 < k < n, then V(¥)(n,Q))
denotes the standard Borel space consisting of
the k-dimensional vector subspaces of Qg.

Theorem 19 Suppose that A € R(p)(Q”) and
that dimV4=n — 1. Then for each
B € R®(QM), we have that A ~ B iff A2 B.

Theorem 20 T here exists a Borel map

o : VI (n,Qp) — RP(QM)
such that V,gy = 5.



Suppose that there exists a Borel reduction
h: RPI(Q™) — RO Q).
Consider the Borel map
f: v D, — VIO (n, Q)
¢
defined by

S—0(S) — (hoo)(S) = Vies(s)-

Clearly f is countable-to-one and maps
GLn(Q)-orbits to GL,(Q)-orbits.



Consider the ergodic action of SL,(Z) on

(VO (n, Qp), pp)

where up is the p-adic probability measure
induced by the transitive action of SL,(Zp) on
V(n_l)(n7 Qp) .

WIlog there exists a fixed ¢ such that
f v (n,Qp) — VIO (n,Qy).

Clearly f is countable-to-one and maps
SLyn(Z)-orbits to GL,(Q)-orbits.



A Robust Punchline

Suppose that p # g are distinct primes and that
O <k, £<mn. Then

(SLn(Z), V) (n, Qp), pp)

and

(SLn(Z), VO (n,Qy), 1q)

are not isomorphic.

Question: How are we to recognise the
prime p in

(SLTZ(Z)a V(k)(n7 Qp)7 /’Lp)?



Let A be a normal subgroup of finite index in
SLn(7Z) and let cl(A) be the closure of A in
SLn(Zyp). Then

[SLn(Zp) : cl(A)] = bp"

for some r > 0 and some divisor b of |SLu(Fp)|.

The ergodic components for the action of A
on V(k)(n,Q,) are precisely the orbits of cl(A)
on V¥ (n,Q,) and SL,(Zp) acts

transitively on the set of cl(A)-orbits.

Hence the number of ergodic components
ep(A) — CPS

for some s > 0 and some divisor ¢ of |SLy(Fp)|.



This argument shows that

(SLn(Z), VF) (n,Qp), 1p)

and

(SLn(Z), VO (n,Qy), 1q)

are not virtually isomorphic.

More generally,

(SLu(Z), VO (n,Qq), uq)

is not a virtual factor of any finite ergodic
extension of

(SLTZ(Z)a V(k)(n7 Qp)7 /’Lp)



Recall that

Fox=vr D Q) - Y =v¥(n Q)

is countable-to-one and maps SL,(Z)-orbits to
G L, (Q)-orbits.

WIlog there are finitely primes such that f maps
SLn(Z)-orbits to SL,(Z[1/q1,...,1/q])-orbits.

Notation:
AN=SLn(Z[1/q1,...,1/q])

H = SLp(R) x SLp(Qqy) X -+ x SLn(Qg)

We regard K = SLy(Zqg,) X --+ X SLp(Zg) and
SLn,(R) as (commuting) subgroups of H.



Slightly oversimplifying ...
Zimmer superrigidity vields a Borel embedding
of permutation groups

(SLn(Z), X, 1) 2L (SLa(R), Y x (K\H/A), Futp)

We must study the distribution of f(X) within
Y x (K\H/N).

There are only countably many SL,(R)-orbits
on K\H/A. So wlog there exists a single
SLn(R)-orbit 2 on K\H/A such that

f(X)CY x Q.



We can define a ¢o(SLp(Z))-invariant ergodic
probability measure w on €2 by

w(A) = pp({x € X | f(z) €Y x AD).

Furthermore, (2,w) is a factor of (X, up).

Ratner’s Theorem implies that w is either the
Haar measure or else has finite support. The
dynamical properties of (X, up) rule out the
first possibility. So there exists a finite
o(SLn(Z))-invariant subset g such that

F(X) CY x Qo.

This implies that

(SLn(Z), V) (n, Qp), pp)
and

(SLn(Z), VI (n,Qq), 1q)
are virtually isomorphic, which is a contradic-
tion.



