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Notations
Current and loop modules

Simple complex Lie algebra

g is a simple, complex Lie algebra
R,R+ set of roots, Q,Q+,P,P+ (positive ) root and weight
lattice
x±α and hα = [x+

α , x−α ], αi , ωi

g = n+ ⊕ h⊕ n−

Let A be a commutative associative algebra with unit over C.
We define a Lie bracket on g⊗ A by

[x ⊗ a, y ⊗ b] := [x , y ]⊗ ab

for x , y ∈ g and a,b ∈ A.
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Weyl modules of current and loop algebras

Relation to char p
Chari-Pressley defined global and local Weyl modules for
g⊗ C[t±1] (resp. g⊗ C[t ]) by generators and relations
Motivated by representations of quantum affine algebras
Feigin-Loktev defined them when A is the coordinate ring
of an affine variety
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Category of locally finite modules
The Weyl functor
Functorial in A

Projectives

Let IA be the category of g⊗ A modules which are integrable
as g modules. The morphism are g⊗A module homomorphism.
Let V be a left g–module, define a left g⊗ A module

P(V ) := U(g⊗ A)⊗U(g) V .

Proposition

Let V be an integrable g module, then P(V ) is a projective
module in IA. If λ ∈ P+, then P(V (λ)) is generated by
pλ = 1⊗ vλ with relations

n+ ⊗ 1 = 0 , (h − λ(h)) = 0 , (x−αi
⊗ 1)λ(hαi )+1 = 0.
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Category of locally finite modules
The Weyl functor
Functorial in A

For ν ∈ P+ and V ∈ Ob IA, let V ν ∈ Ob IA be the unique
maximal g⊗ A-quotient of V satisfying

wt(V ν) ⊂ ν −Q+.

We define IνA to be full subcategory of IA of objects V s.t.

V = V ν .

We define for λ ∈ P+

WA(λ) := P(V (λ))λ

the ”global Weyl module”.

Fourier Weyl modules
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Category of locally finite modules
The Weyl functor
Functorial in A

Original definition

There is another definition of the global Weyl module by
generator and relations, which is the ”original” definition by
Chari-Pressley in the case A = C[t±1].

Proposition

For λ ∈ P+, the module WA(λ) is generated by wλ 6= 0 with
relations:

(n+ ⊗ A)wλ = 0, hwλ = λ(h)wλ, (x−αi
⊗ 1)λ(hαi )+1wλ = 0.

Fourier Weyl modules
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Category of locally finite modules
The Weyl functor
Functorial in A

Annihilator algebra

Set
Annh⊗A(wλ) = {u ∈ U(h⊗ A) : uwλ = 0},

and define
Aλ := U(h⊗ A)/Annh⊗A(wλ).

Define a right h⊗ A-module structure on WA(λ) by

zwλ.(h ⊗ a) := z(h ⊗ a)wλ

for z ∈ U(g⊗ A),h ⊗ a ∈ h⊗ A.
WA(λ) is a bi-module for (g⊗ A, h⊗ A), in fact for (g⊗ A,Aλ).

Fourier Weyl modules
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Category of locally finite modules
The Weyl functor
Functorial in A

Weyl functor

Let mod Aλ be the category of left Aλ–modules. Let

Wλ
A : mod Aλ → IλA

be given by

Wλ
AM = WA(λ)⊗Aλ

M, Wλ
Af = 1⊗ f ,

where M,M ′ ∈ mod Aλ and f ∈ HomAλ
(M,M ′) .

We have
Wλ

AM ∈ Ob IλA.
Wλ

A is right exact.
Wλ

AAλ
∼=g⊗A WA(λ).
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Category of locally finite modules
The Weyl functor
Functorial in A

Restriction functor

For λ ∈ P+,V ∈ Ob IλA, we have Vλ ∈ mod Aλ

Define Rλ
A : IλA → mod Aλ by Rλ

AV = Vλ
Rλ

A is an exact functor
idAλ

∼= Rλ
AWλ

A

Rλ
A is right adjoint to Wλ

A
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Category of locally finite modules
The Weyl functor
Functorial in A

We have a categorical definition of Wλ
AM, which is maybe the

most important improvement in this paper.

Theorem

Let V ∈ IλA. Then V ∼= Wλ
ARλ

AV iff for all U ∈ IλA with Uλ = 0,
we have

HomIλ
A

(V ,U) = 0, Ext1Iλ
A

(V ,U) = 0.

We can deduce from this

Corollary

The functor Wλ
A is exact iff for all U ∈ IλA with Uλ = 0, we have

Ext2Iλ
A

(Wλ
AM,U) = 0, ∀ M ∈ mod Aλ.
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Category of locally finite modules
The Weyl functor
Functorial in A

Induced maps

For f : A→ B, denote also by f the morphism f : g⊗A→ g⊗B.
For a B-module (resp. g⊗ B-module) M, denote by f ∗M the A
(resp. g⊗ A)-module. For λ ∈ P+ we have

fλ : Aλ → Bλ

and bi-module map

f ∗λ : WA(λ)→ f ∗(WB(λ)).

For M ∈ mod Bλ we have

Wλ
Af ∗λM → f ∗Wλ

BM as g⊗ A−modules

Fourier Weyl modules
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Category of locally finite modules
The Weyl functor
Functorial in A

Induced maps

The comultiplication ∆ of U(h⊗ A) induces

∆ : Aλ+µ → Aλ ⊗ Aµ.

The assigment wλ+µ 7→ wλ ⊗ wµ induces a bi-module map

τ : WA(λ+ µ)→WA(λ)⊗WA(µ).

For M ∈ mod Aλ,N ∈ mod Aµ we have

τ : Wλ+µ
A ∆∗(M ⊗ N)→Wλ

AM ⊗Wµ
AN as g⊗ A−modules

Fourier Weyl modules
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Tensor product phenomen

Recall
Aλ = U(h⊗ A)/AnnU(h⊗A)(wλ)

What is Aλ?

λ =
∑

riωi , rλ =
∑

ri , Sλ := Sr1 × . . .× Srn ⊂ Srλ

(A⊗rλ)Sλ :=
⊗

i

(A⊗ri )Sri

Fourier Weyl modules
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Theorem
For λ ∈ P+, we have

Aλ
∼= (A⊗rλ)Sλ

as algebras. If A is finitely generated, than Aλ is finitely
generated.

Fourier Weyl modules
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From now on, we will suppose that A is finitely generated!

max(Aλ) = max(
⊗

i

(A⊗ri )Sri )

which is
max(A)×r1/Sr1 × . . .×max(A)×rn/Srn

max(Aλ) are orbits of the Sλ action on max(A⊗rλ).
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Irreducibles

Lemma

Let λ ∈ P+ and assume that V ∈ IλA is irreducible. There
exists µ ∈ P+ ∩ (λ−Q+) such that

wt V ⊂ µ−Q+, dim Vµ = 1.

V is the unique irreducible quotient of Wµ
ARµ

AVµ.
If V ′ ∈ Ob IA, then V ∼= V ′ as g⊗ A–modules iff Vµ ∼= V ′µ
as Aµ–modules.
For M ∈ irr Aλ, we denote the unique irreducible quotient of
Wλ

AM by VλAM.
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Finitely supported functions

Define Ξ := {ξ : max(A)→ P+ | ξ finitely supported}
supp ξ := {S ∈ max(A) | ξ(S) 6= 0}
wt ξ :=

∑
S∈max(A)

ξ(S)

Ξλ := {ξ ∈ Ξ | wt ξ = λ}
M ∈ mod Aλ, finite–dimensional, then supp M =

⋃
supp(ξi)

Ξλ parametrizes max(Aλ), irr Aλ, and so irr U(g⊗ A) of highest
weight λ.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

What is this algebra?
Irreducible modules
Finitely generated Weyl modules
Tensor product phenomen

Finitely supported functions

Define Ξ := {ξ : max(A)→ P+ | ξ finitely supported}
supp ξ := {S ∈ max(A) | ξ(S) 6= 0}
wt ξ :=

∑
S∈max(A)

ξ(S)

Ξλ := {ξ ∈ Ξ | wt ξ = λ}
M ∈ mod Aλ, finite–dimensional, then supp M =

⋃
supp(ξi)

Ξλ parametrizes max(Aλ), irr Aλ, and so irr U(g⊗ A) of highest
weight λ.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

What is this algebra?
Irreducible modules
Finitely generated Weyl modules
Tensor product phenomen

Finitely supported functions

Define Ξ := {ξ : max(A)→ P+ | ξ finitely supported}
supp ξ := {S ∈ max(A) | ξ(S) 6= 0}
wt ξ :=

∑
S∈max(A)

ξ(S)

Ξλ := {ξ ∈ Ξ | wt ξ = λ}
M ∈ mod Aλ, finite–dimensional, then supp M =

⋃
supp(ξi)

Ξλ parametrizes max(Aλ), irr Aλ, and so irr U(g⊗ A) of highest
weight λ.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

What is this algebra?
Irreducible modules
Finitely generated Weyl modules
Tensor product phenomen

Finitely supported functions

Define Ξ := {ξ : max(A)→ P+ | ξ finitely supported}
supp ξ := {S ∈ max(A) | ξ(S) 6= 0}
wt ξ :=

∑
S∈max(A)

ξ(S)

Ξλ := {ξ ∈ Ξ | wt ξ = λ}
M ∈ mod Aλ, finite–dimensional, then supp M =

⋃
supp(ξi)

Ξλ parametrizes max(Aλ), irr Aλ, and so irr U(g⊗ A) of highest
weight λ.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

What is this algebra?
Irreducible modules
Finitely generated Weyl modules
Tensor product phenomen

Finitely supported functions

Define Ξ := {ξ : max(A)→ P+ | ξ finitely supported}
supp ξ := {S ∈ max(A) | ξ(S) 6= 0}
wt ξ :=

∑
S∈max(A)

ξ(S)

Ξλ := {ξ ∈ Ξ | wt ξ = λ}
M ∈ mod Aλ, finite–dimensional, then supp M =

⋃
supp(ξi)

Ξλ parametrizes max(Aλ), irr Aλ, and so irr U(g⊗ A) of highest
weight λ.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

What is this algebra?
Irreducible modules
Finitely generated Weyl modules
Tensor product phenomen

Finitely supported functions

Define Ξ := {ξ : max(A)→ P+ | ξ finitely supported}
supp ξ := {S ∈ max(A) | ξ(S) 6= 0}
wt ξ :=

∑
S∈max(A)

ξ(S)

Ξλ := {ξ ∈ Ξ | wt ξ = λ}
M ∈ mod Aλ, finite–dimensional, then supp M =

⋃
supp(ξi)

Ξλ parametrizes max(Aλ), irr Aλ, and so irr U(g⊗ A) of highest
weight λ.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

What is this algebra?
Irreducible modules
Finitely generated Weyl modules
Tensor product phenomen

Finitely supported functions

Define Ξ := {ξ : max(A)→ P+ | ξ finitely supported}
supp ξ := {S ∈ max(A) | ξ(S) 6= 0}
wt ξ :=

∑
S∈max(A)

ξ(S)

Ξλ := {ξ ∈ Ξ | wt ξ = λ}
M ∈ mod Aλ, finite–dimensional, then supp M =

⋃
supp(ξi)

Ξλ parametrizes max(Aλ), irr Aλ, and so irr U(g⊗ A) of highest
weight λ.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

What is this algebra?
Irreducible modules
Finitely generated Weyl modules
Tensor product phenomen

A is still finitely generated.

Theorem
For λ ∈ P+, WA(λ) is a finitely generated right Aλ–module.
If M ∈ mod Aλ is finitely generated then Wλ

AM is a finitely
generated left g⊗ A–module. Same for finite–dimensional
modules.
In particular for M ∈ irr Aλ, we have dim VλAM <∞.
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A generalization of the tensor product phenomenon

Theorem
Suppose that A and B are finite–dimensional commutative,
associative algebras and let λ, µ ∈ P+. For M ∈ mod Aλ,
N ∈ mod Bµ, finite–dimensional, we have,

Wλ+µ
A⊕B(M ⊗ N) ∼= Wλ

AM ⊗Wµ
BN,

as g⊗ (A⊕ B)–modules.
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Theorem
Let λ, µ ∈ P+, and M ∈ mod Aλ,N ∈ mod Aµ,
finite–dimensional with supp M ∩ supp N = ∅. Then we have

Wλ+µ
A (M ⊗ N) ∼=g⊗A Wλ

AM ⊗Wµ
AN.

If M,N are irreducible, then
Vλ+µ

A (M ⊗ N) ∼=g⊗A VλAM ⊗ VµAN.
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We want to analyze Wλ
AMξ, Mξ ∈ irr mod Aλ. The tensor product

theorem gives

Wλ
AMξ

∼=g⊗A
⊗

S∈supp ξ

Wξ(S)
A MξS , supp ξS = {S}

Analyze Weyl modules supported on one maximal ideal only. In
general this is though. But ...
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We define

Ξns
λ = {ξ ∈ Ξλ : ξ(S) ∈ {0, ω1, . . . , ωn}, ∀S ∈ max A}.

Then Ξns
λ is an open subset and

Ξns
λ ↔ {orbits of non–singular points of the Srλ−action on max(A⊗rλ)}.

Want to analyze the Weyl modules of Ξns
λ . It is enough to

analyze Wωi
A MS, i ∈ I.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

Open subsets
Fundamental Weyl modules

We define

Ξns
λ = {ξ ∈ Ξλ : ξ(S) ∈ {0, ω1, . . . , ωn}, ∀S ∈ max A}.

Then Ξns
λ is an open subset and

Ξns
λ ↔ {orbits of non–singular points of the Srλ−action on max(A⊗rλ)}.

Want to analyze the Weyl modules of Ξns
λ . It is enough to

analyze Wωi
A MS, i ∈ I.

Fourier Weyl modules



Introduction
Definition

Finitely generated algebras
Analyze almost all Weyl modules

Open subsets
Fundamental Weyl modules

Notations

Let J0 ⊂ I be defined as follows:

J0 =


I, g of type An, Cn,

{n}, g of type Bn,

{n − 1,n}, g of type Dn.

Given m ∈ Z+, let c(m, k) be the dimension of the space of
polynomials of degree m in k–variables, i.e

c(m, k) = #{s = (s1, · · · , sk ) :∈ Zk
+ : s1 + · · ·+ sk = m}.
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Theorem

Let g be of classical type. Let S ∈ max A be such that
dim S/S2 = k and for i ∈ I, let MS ∈ irr mod Aωi .

If i ∈ J0, then Wωi
A MS

∼=g V (ωi).
If i /∈ J0, then

Wωi
A MS

∼=g

⊕
j

V (ωi−2j)
⊕c(j,k).
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