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Disclaimer

The views represented herein are the authors’ own views and do not necessarily
represent the views of Morgan Stanley or its affiliates and are not a product of
Morgan Stanley Research.
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Overview of this Talk

There are five parts to this talk:

1 Review of Fundamental Theorems of Asset Pricing

2 Ross Recovery Theorem for Finite State Markov Chains

3 Review of John Long’s Numeraire Portfolio

4 Preference-Free Ross Recovery for Bounded Diffusions

5 First Results for Unbounded Diffusions

The operating assumptions will be different in each section. Within a
section, only one set of assumptions holds.
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Part I: Fundamental Theorems of Asset Pricing

The term “Fundamental Theorems of Asset Pricing” (FTAP) was coined by
Phil Dybvig, to describe work initiated by his thesis advisor, Steve Ross,
around 1978.

The connection to martingale theory is in Kreps (1979), and in Harrison &
Kreps (1979), with an important extension to the continuous time setting in
Harrison and Pliska (1981).

The most general version of FTAP is by Delbaen and Schachermayer, who
now have a book on the subject.

There are actually 2 FTAP’s, one that describes the implications of no
arbitrage, and a second one that further supposes that markets are complete.
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First FTAP

The “First Fundamental Theorem of Asset Pricing” relates two types of
probability measures usually denoted P and Q.

In this talk, the probability measure P indicates the frequency with which
“the market” believes that future states occur. We assume that this
frequency is reflected in market prices, which also reflect investor attitudes
towards risk. P need not be “true” or “real world” probability.

Loosely, a market is said to be “arbitrage-free” if there is no way to form a
portfolio which can’t lose and might win (under P).

Mathematically, FTAP#1 assumes P exists along with an arbitrage-free
market containing a money market account with price S0t > 0, t ≥ 0.
FTAP#1 says that these assumptions imply the existence of another
probability measure Q equivalent to P such that for each asset’s spot price
Sit ∈ R, i = 0, 1 . . . , n, the relative price Sit

S0t
is a Q martingale.

The probability measure Q is referred to as an “equivalent martingale
measure” (EMM) and is also called a “risk-neutral measure”.
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Second FTAP

Loosely, a financial market is said to be “complete” if the payoff of any
contingent claim in a specified set can be replicated by dynamic trading in a
specified set of so-called “basis assets”.

FTAP#2 says that when FTAP#1 holds, a market is complete if and only if
the EMM Q is unique.

In this talk, we will only consider arbitrage-free markets and then impose
whatever assumptions we need to e.g. completeness, so that Q is unique.

We will know the unique Q, but not the probability measure P from which it
supposedly sprang. We will impose restrictions such that the measure
change dP

dQ is unique and becomes known. As a result the probability
measure P is unique and we will learn P from Q and our restrictions. We say
that we have recovered P from Q (and our assumptions).
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Change of Numeraire

A numeraire is a self-financing portfolio whose value is always positive.

As presented thus far, the two FTAP’s use the money market account
(MMA) as numeraire.

Merton 73 and Margrabe 78 consider alternative numeraires when pricing
options. The FTAP’s were extended to alternative numeraires by Géman, El
Karoui, and Rochet (1995).

FTAP#1 says that no arbitrage between assets with spot prices
Si , i = 0, 1, . . . implies that for each numeraire with spot price
Nn > 0, n = 0, 1, . . ., there exists a probability measure Qn equivalent to P
such that Si

Nn
, i = 0, 1, . . . is a Qn martingale for n = 0, 1, . . ..

For example, if S0 > 0 is the spot price of the MMA and if we use this
MMA as the first numeraire, i.e. N0 = S0, then no arbitrage implies there
exists Q0 equivalent to P such that Si

S0
, i = 0, 1, . . . is a Q0 martingale.

In general, changing the numeraire while fixing the probability measure
changes the drift of a relative price. For example, with the probability
measure fixed at Q0, the relative price Si/S0 is a Q0 martingale, but the
relative price Si/S1 need not be a Q0 martingale. This observation can be
used to add or subtract drift as required.
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Part II: P, Q, and Ross Recovery

Recall that the probability measure P captures the extent to which the
market’s belief about the frequencies of future states ends up in market
prices. Suppose that P is ex ante unknown by us, but we know market prices.

From prices and a sufficiently strong set of assumptions, we can learn the
risk-neutral probability measure Q. Having done so, we know Q ex ante but
not P.

In 2011, Steve Ross began circulating a working paper called “The Recovery
Theorem” whose first theorem gives sufficient conditions under which
knowing Q implies knowing P exactly.

We call his Theorem 1 the Ross Recovery Theorem.
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The Ross Recovery Theorem

Theorem 1 in Ross (2011) states that:

1 if markets are complete, and
2 if the utility function of the representative investor is state-independent

and intertemporally additively separable with a constant rate of time
preference and:

3 if there is a single state variable X which under Q is a
time-homogeneous Markov chain with a finite number of states,

then under P, X is also a finite-state time-homogeneous Markov chain and
we can recover the transition probability matrix P of X from the assumed
known risk-neutral transition probability matrix Q.
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Vas Ist Das?

A couple of us at Morgan Stanley were intrigued by Ross’s conclusion that P
can be learned from knowledge of Q in a Markovian setting, but we
wondered whether it was necessary to restrict preferences. Is there a
preference-free way to obtain P from Q in a Markovian setting?

We also wondered whether it was necessary that the Markovian state variable
X transition between a finite number of states. The industry practice is to
use models with a continuous state space. We wondered in particular if P
can be learned from knowledge of Q when X is a diffusion under Q.

Finally, we wondered whether it was necessary that the state variable X drive
the price of every asset in the whole economy. Ross’s use of a representative
investor requires that X drive the price of every asset in the economy. While
some pairs of assets are highly correlated, many are not. Could we restrict
ourselves to some strict subset of the economy where it was reasonable to
believe that all prices are driven by a single state variable X?

Could there be more than one way to recover P from Q?
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Preference-Free Ross Recovery
We start by adjoining to the money market account a set of n risky assets,
which in general would be a strict subset of all of the assets in the economy.
In choosing this set, we require that it be reasonable to assume that:

1 there is no arbitrage between the n + 1 assets.
2 a single state variable X drives all n + 1 prices (under Q).

In the next section, we explore something called “the numeraire portfolio”
which is composed out of just the n + 1 assets.

By restricting the Q dynamics of this numeraire portfolio, we show that
there is a preference-free way to learn P from Q when the state variable X is
a time homogeneous diffusion on a bounded domain.

We also find an example where one can’t learn P from Q when X diffuses
over an unbounded domain. However, we find a second example of an
unbounded diffusion where one can learn P from Q. Knowing when you can
and cannot recover on unbounded domains is at present an open problem.

Under our current results, the interest rate and the prices of the assets
themselves are allowed to be unbounded. It is only the driving process X
which must be bounded.
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Part III: John Long’s Numeraire Portfolio

In 1990, Long introduced a notion which he called the numeraire portfolio.

Recall that a numeraire is any self-financing portfolio whose price is alway
positive.

Long showed that if any set of assets includes the MMA and is
arbitrage-free, then there always exists a self-financing portfolio of them
whose value is always positive.

Furthermore, if the spot price Si of each asset is expressed relative to the
value L > 0 of Long’s numeraire portfolio, then the relative price Si/L is a P
martingale.

Long’s discovery of the existence of the numeraire portfolio allows one to do
arbitrage-free pricing of derivative securities without having to change
measure away from P. Instead, one deflates every asset’s spot price Si by
the value L of Long’s numeraire portfolio, and then uses the probability
measure P as the martingale measure. This pricing approach would require
knowing or learning both P and L.
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Existence of the Numeraire Portfolio

Let S0t be the spot price of the MMA and suppose that we have n risky
assets with spot prices Si for i = 1, . . . , n.

Assuming no arbitrage between these n + 1 assets, Long (1990) proved that
there exists a portfolio with value L > 0 such that for all times u and t with
u ≥ t ≥ 0:

EP Siu
Lu

∣∣∣∣
Ft

=
Sit
Lt
, i = 0, 1, . . . , n.

In words, assuming no arbitrage between a set of assets, implies that one
can always construct a portfolio of them with value L > 0 such that each
asset’s relative price Si/L is a P martingale. Hence, when P&L is measured
in units of the numeraire portfolio, all assets have the same mean P&L.
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Intuition on the Properties of the Numeraire Portfolio

Since the MMA is included in the list of n + 1 assets making up the
numeraire portfolio, it is reasonable to believe that one can construct a
portfolio which always has positive value.

However, most people find it difficult to believe that in an arbitrage-free
economy, the risk premium on every asset can be removed merely by
expressing the gains on each asset in units of the numeraire portfolio.

Let’s take a closer look at how this happens.

Carr/Yu (Morgan Stanley) Risk, Return, and Ross Recovery November 23, 2012 14 / 45



The Numeraire Portfolio in Discrete Time

Suppose for simplicity that:

1 trading is discrete in time
2 the interest rate is always zero, and
3 the spot price of each asset is strictly positive Si > 0, i = 0, 1, . . . n.

Suppose an investor buys one share of asset i at time n at its spot price Si,n.

The total cost of this share purchase is Si,n dollars. Suppose the investor
finances this upfront cost by borrowing Si,n dollars at time n.

At time n + 1 the investor sells his share and repays his loan, leaving the real
amount Si,n+1 − Si,n as the realized gain on the position.

This gain can be invested in the MMA and can be carried forward
unchanged to any later date n + 2, n + 3 etc.
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The Numeraire Portfolio in Discrete Time (Con’d)

Now suppose that our investor instead buys 1
Si,n

shares of asset i at time n

with each share purchased at its spot price Si,n.

The total cost of this share purchase is one dollar. Suppose the investor
finances this upfront cost by borrowing one dollar at time n.

At time n + 1 the investor sells the 1
Si,n

shares and repays the loan, leaving

the real amount
Si,n+1

Si,n
− 1 as the realized gain on the financed position.

Since
Si,n+1

Si,n
− 1 =

Si,n+1−Si,n

Si,n
, this gain can also be described as the net return

per dollar invested in asset i at time n and realized at time n + 1.

This gain/net return can also be invested in the MMA and can be carried

forward unchanged to any later date. i.e. one can get
Si,n+1−Si,n

Si,n
units of the

MMA at any later date n + 2, n + 3 etc.
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Backward Return

On the last slide, we gave a financial interpretation to the net return per
dollar invested in asset i , viz

Si,n+1−Si,n

Si,n
.

The division by Si,n is commonly done to remove the scale, allowing one to

compare eg.
S2,n+1−S2,n

S2,n
with

S1,n+1−S1,n

S1,n
when S2,n and S1,n differ in size.

So long as price changes are reasonably small, one can alternatively remove
the scale by using the backward return, defined as:

Si,n+1 − Si,n
Si,n+1

.

Can we also gave a financial interpretation to this backward return?
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Backward Return (Con’d)

Suppose as before that an investor buys one share of asset i at time n,
financing the cost by borrowing Si,n dollars at zero interest rate.

At time n + 1, the investor again sells the share and repays the loan, again
realizing the gain of Si,n+1 − Si,n dollars.

Now suppose that instead of investing this gain in the MMA, the investor
instead uses this gain to buy shares of the i-th asset. The number of shares
that can be purchased at time n + 1 is the backward return

Si,n+1−Si,n

Si,n+1
∈ R.

This backward return is also the gain on a financed position in the i-th
asset, expressed in units of the i-th asset.

Assuming no dividends on the i-th asset, this backward return can again be
carried forward through time unchanged, resulting in a position of

Si,n+1−Si,n

Si,n+1

shares of the i − th asset at any later date n + 2, n + 3 etc.
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Backward Return vs Forward Return
So far, we have considered 3 trading strategies:

1 buy 1 share, borrow, and realize into MMA
2 buy $1 worth of shares, borrow, and realize into MMA
3 buy 1 share, borrow, and realize into the i-th risky asset

The 3rd strategy is perfectly feasible; its gains, measured in units of the
i − th asset, are as easy to express as the gains in $ of the 2nd strategy.

However, suppose we are forced to express the gains in the 3rd strategy
using only the usual forward returns rin ≡ Si,n+1−Sin

Sin
. Then, we have that:

Si,n+1 − Si,n
Si,n+1

=
Si,n+1 − Si,n
Si,n(1 + rin)

=
Si,n+1 − Si,n

Si,n
(1− rin + O(r2in)),

using the fact that 1
1+x = 1− x + x2 − x3 + . . . = 1− x + O(x2).

Expressing the RHS in returns,
Si,n+1−Si,n

Si,n+1
− rin = −r2in + O(r3in).

Thus, the leading term in the difference between the P&L of the 3rd
strategy, measured in units of the i − th asset, and the forward return, rin, is
the negative of the lognormal variance rate r2in.
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Carrying Gains in the Numeraire Portfolio

Let Ln > 0 denote the value of the numeraire portfolio at time n.

Let’s consider a 4th trading strategy, namely buy Ln

Sin
shares of the i-th asset

at time n, borrow the cost, and now realize into the numeraire portfolio.

Measured in units of the numeraire portfolio, the P&L on such a strategy is
Ln

Sin

Si,n+1−Si,n

Ln+1
.

When we are forced to express this P&L in terms of the forward returns
rin ≡ Si,n+1−Sin

Sin
and rLn ≡ Ln+1−Ln

Lin
, it becomes:

Ln
Sin

Si,n+1 − Si,n
Ln+1

=
rin

1 + rLn
= rin − rinrLn + O(rinr

2
Ln).

Hence, with everything expressed in units of the numeraire portfolio, the
cost of creating the payoff rin − rinrLn is O(rinr

2
Ln)).

Since this result holds for each asset in the numeraire portfolio, it holds for
the numeraire portfolio itself. With everything expressed in units of the
numeraire portfolio, the cost of creating the payoff rLn − r2Ln is O(r3Ln).
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From Discrete to Continuous

Recall that with everything expressed in units of the numeraire portfolio, the
cost of creating the payoff rin − rinrLn is O(rinr

2
Ln)) for each asset.

This construction was done with zero interest rates for simplicity. When the
riskfree rate rf need not vanish, the same result holds so long as each ri is
replaced by the excess return ri − rf .

If we now assume that investors can trade continuously and that all asset
prices are positive continuous semi-martingales, then it follows that at each

time t, one can realize ex post the gain of dSit

Sit
− rtdt − d〈Si ,L〉t

SitLt
units of the

numeraire portfolio without investing any money at t.

Here, dSit

Sit
means the total derivative of the Itô integral

∫ t

0
1
Sit
dSit , while

d〈Si ,L〉t
SitLt

means the total derivative of the integral
∫ t

0
1

SitLt
d〈Si , L〉t .

Letting σiL,tdt ≡ d〈Si ,L〉t
SitLt

, it costs 0 at t to realize a gain ex post of
dSit

Sit
− (rt + σiL,t)dt units of the numeraire portfolio.
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Risk Premia Re-interpreted

Recall it costs 0 to get dSit

Sit
− (rt + σiL,t)dt units of the numeraire portfolio.

Suppose that we write each asset’s return under P as:

dSit
Sit

= (rt + πit)dt + σitdBit , t ≥ 0,

where πit ∈ R is usually called the i-th asset’s risk premium, σit is called the
i-th asset’s volatility, and Bi is a standard Brownian motion under P.

Suppose that we choose L so that σiL,t = πit for i = 0, 1, . . . , n and hence:

dSit
Sit
− (rt + σiL,t)dt = σitdBit , t ≥ 0.

One can say that each asset’s risk premium πi arises because we carry gains
forward using the numeraire portfolio rather than the MMA and because we
insist on using Itô integrals rather than backward integrals.
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Risk and Reward
Recall that under no arbitrage, a portfolio with value L > 0 was constructed
so that the risk premium on each asset arises purely from covariation σiL,t of
returns on that asset with the return of the numeraire portfolio:

dSit
Sit
− rtdt = σiL,tdt + σitdBit , t ≥ 0,

where Bi is a standard Brownian motion under P.

It follows that the SDE for L under P is:

dLt
Lt
− rtdt = σ2

Ltdt + σLtdBLt t ≥ 0,

where σLt is the volatility of the numeraire portfolio and BL is a standard
Brownian motion under P. The risk premium for the numeraire portfolio IS
its risk, as measured by σ2

Lt . What could be easier?

Using Itô’s formula, one easily finds that relative prices Si/L solve:

d(Sit/Lt)

Sit/Lt
= σitdBit − σLtdBLt , t ≥ 0.

So the probability measure P is also a martingale measure when the
numeraire is Long’s numeraire portfolio.
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Part IV: Preference-Free Ross Recovery for Bounded
Diffusions

Using Long’s numeraire portfolio, we replace Ross’s restrictions on the form
of preferences with our restrictions on how prices evolve under Q.

More precisely, we suppose that the prices of some given set of assets are all
driven by a univariate time-homogenous bounded diffusion process, X .

Letting L denote the value of the numeraire portfolio for these assets, we
furthermore assume that L is simply a function of X and t and that (X , L) is
a bivariate time homogenous diffusion.

We show that these assumptions determine the P dynamics of X and all of
the spot prices of the assets in the given set.
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Our Assumptions

We assume no arbitrage for some finite set of assets which includes a money
market account (MMA).

As a result, there exists a risk-neutral measure Q under which spot prices
deflated by the MMA balance evolve as martingales.

We assume that under Q, the driver X is a time homogeneous bounded
diffusion process:

dXt = b(Xt)dt + a(Xt)dWt , t ∈ [0,T ],

where Xt ∈ (`, u), t ≥ 0, a(x) > 0, and where W is SBM under Q.

We also assume that under Q, the value L of the numeraire portfolio solves:

dLt
Lt

= r(Xt)dt + σL(Xt)dWt , t ∈ [0,T ].

We know the functions b(x), a(x), and r(x) but not σL(x). How to find it?
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Value Function of the Numeraire Portfolio
Recalling that X is our driver, we assume:

Lt ≡ L(Xt , t), t ∈ [0,T ],

where L(x , t) is a positive function of x ∈ R and time t ∈ [0,T ].

Applying Itô’s formula, the volatility of L is:

σL(x) ≡ 1

L(x , t)

∂

∂x
L(x , t)a(x) = a(x)

∂

∂x
ln L(x , t).

Dividing by a(x) > 0 and integrating w.r.t. x :

ln L(x , t) =

∫ x σL(y)

a(y)
dy + f (t), where f (t) is the constant of integration.

Exponentiating implies that the value of the numeraire portfolio separates
multiplicatively into a positive function π(x) of the level x of the driver X
and a positive function p(t) of time t:

L(x , t) = π(x)p(t),

where π(x) = e
∫ x σL(y)

a(y) dy and p(t) = ef (t).

Carr/Yu (Morgan Stanley) Risk, Return, and Ross Recovery November 23, 2012 26 / 45



Separation of Variables

The numeraire portfolio value function L(x , t) must solve the following linear
parabolic PDE to be self-financing:

∂

∂t
L(x , t) +

a2(x)

2

∂2

∂x2
L(x , t) + b(x)

∂

∂x
L(x , t) = r(x)L(x , t).

On the other hand, the last slide shows that this value separates as:

L(x , t) = π(x)p(t).

Using Bernoulli’s classical separation of variables argument, we know that:

p(t) = p(0)eλt ,

and that:

a2(x)

2
π′′(x) + b(x)π′(x)− r(x)π(x) = −λπ(x), x ∈ (`, u).
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Regular Sturm Liouville Problem

Recall the ODE on the last slide:

a2(x)

2
π′′(x) + b(x)π′(x)− r(x)π(x) = −λπ(x), x ∈ (`, u),

where π(x) and λ are unknown.

Whichever boundary conditions we are allowed to impose, they will be
separated. As a result, we have a regular Sturm Liouville problem.

From Sturm Liouville theory, we know that there exists an eigenvalue
λ0 > −∞, smaller than all of the other eigenvalues, and an associated
positive eigenfunction, π0(x), which is unique up to positive scaling.

All of the eigenfunctions associated to the other eigenvalues switch signs at
least once.

One can numerically solve for both the smallest eigenvalue λ0 and its
associated positive eigenfunction, π0(x). The positive eigenfunction π0(x) is
unique up to positive scaling.
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Value Function of the Numeraire Portfolio

Recall that λ0 is the known lowest eigenvalue and π0(x) is the associated
eigenfunction, positive and known up to a positive scale factor.

Knowing π0(x) up to positive scaling and knowing λ0 implies that we also
know the value function of the numeraire portfolio up to positive scaling,
since:

L(x , t) = π0(x)eλ0t , x ∈ [`, u], t ∈ [0,T ].

As a result, the volatility of the numeraire portfolio is uniquely determined:

σL(x) = a(x)
∂

∂x
lnπ0(x), x ∈ [`, u].

Mission accomplished! Let’s see what the market believes.
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P Dynamics of the Numeraire Portfolio

Recall that in our diffusion setting, Long (1990) showed that the P dynamics
of L are given by:

dLt
Lt

= [r(Xt) + σ2
L(Xt)]dt + σL(Xt)dBt , t ≥ 0,

where B is a standard Brownian motion (SBM) under the probability
measure P.

In equilibrium, the risk premium of the numeraire portfolio is simply σ2
L(x).

Since we have determined σL(x) on the last slide, the risk premium of the
numeraire portfolio has also been uniquely determined.

Rewriting the top equation as (dLt/Lt)−r(Xt)dt
σL(Xt)

= dBt + σL(Xt)dt, t ≥ 0, we

see that the process describing the market price of Brownian risk dBt is
simply the known function σL(x) evaluated at Xt .

We must have that under Q, dWt = dBt + σL(Xt)dt is the increment of a Q
SBM. What does this imply about the P dynamics of X?
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P Dynamics of the Driver

Recall that the Q dynamics of X were assumed to be:

dXt = b(Xt)dt + a(Xt)dWt , t ≥ 0,

where recall W is a standard Brownian motion under Q.

By Girsanov’s theorem, W will gain drift σL(Xt) when we switch measures
to P, so that dBt = dWt − σL(Xt)dt is the increment of a P SBM. Hence,
the dynamics of the driver X under the probability measure P are:

dXt = [b(Xt) + σL(Xt)a(Xt)]dt + a(Xt)dBt , t ≥ 0.

Hence, we now know the P dynamics of the driver X .

We still have to determine the P transition density of the driver X .
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P Transition PDF of the Driver

From the change of numeraire theorem, the Radon Nikodym derivative dP
dQ is:

dP
dQ

= e−
∫ T
0

r(Xt)dt
L(XT ,T )

L(X0, 0)
=
π0(XT )

π0(X0)
eλ0T e−

∫ T
0

r(Xt)dt ,

since L(x , t) = π0(x)eλ0t .

Solving for the PDF dP gives:

dP =
π0(XT )

π0(X0)
eλ0T e−

∫ T
0

r(Xt)dtdQ =
π0(XT )

π0(X0)
eλ0TdA.

where dA ≡ e−
∫ T
0

r(Xt)dtdQ denotes the Arrow Debreu state pricing density.

Knowing dQ implies that we also know the Arrow Debreu state pricing

density dA, at least numerically. As we also know the positive function π0(y)
π0(x)

and the positive function eλ0T , we know dP, the transition PDF under P of
X .
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P Dynamics of Spot Prices

Also from Girsanov’s theorem, the dynamics of the i−th spot price Sit under
P are uniquely determined as:

dSit = [r(Xt)Si (Xt , t)+σL(Xt)
∂

∂x
Si (Xt , t)a2(Xt)]dt+

∂

∂x
Si (Xt , t)a(Xt)dBt , t ∈ [0,T ],

where for x ∈ (`, u), t ∈ [0,T ], Si (x , t) solves the following linear PDE:

∂

∂t
Si (x , t) +

a2(x)

2

∂2

∂x2
Si (x , t) + b(x)

∂

∂x
Si (x , t) = r(x)Si (x , t),

subject to appropriate boundary and terminal conditions. If Sit > 0, then the
SDE at the top can be expressed as:

dSit
Sit

= [r(Xt)+σL(Xt)
∂

∂x
lnSi (Xt , t)a2(Xt)]dt+

∂

∂x
lnSi (Xt , t)a(Xt)dBt , t ≥ 0.

In equilibrium, the instantaneous risk premium is just d〈lnSi , ln L〉t , i.e. the
increment of the quadratic covariation of returns on Si with returns on L.
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Part V: Examples of Diffusions on Unbounded Domain

Our results thus far apply only to diffusions on bounded domains.

Hence, our results thus far can’t be used to determine whether one can
uniquely determine P in models like Black Scholes (1973) and Cox Ingersoll
& Ross (1985) (aka CIR), where the diffusing state variable X lives on an
unbounded domain such as (0,∞).

We don’t yet know the general theory here, but we do know two interesting
examples of it.
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Example 1: Black Scholes Model for a Stock Price

Suppose that the state variable X is a stock price whose initial value is
observed to be the positive constant S0.

Suppose we assume or observe zero interest rates and dividends and we
assume that the spot price is geometric Brownian motion under Q:

dXt

Xt
= σdWt , t ≥ 0.

Suppose only one stock option trades and from its observed market price, we
learn the numerical value of σ.

All of our previous assumptions are in place, except now we have allowed the
diffusing state variable X to live on the unbounded domain (0,∞).
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Example 1: Black Scholes Model (con’d)

Recall the general ODE governing the positive function π(x) & the scalar λ:

a2(x)

2
π′′(x) + b(x)π′(x)− r(x)π(x) = −λπ(x), x ∈ (`, u).

In the BS model with zero rates, a2(x) = σ2x2, b(x) = r(x) = 0, ` = 0, and
u =∞, so we want a positive function π(x) and a scalar λ solving the Euler
ODE:

σ2x2

2
π′′(x) = −λπ(x), x ∈ (0,∞).

In the class of twice differentiable functions, there are an uncountably
infinite number of eigenpairs (λ, π) with π positive. This result implies Ross
can’t recover here because there are too many candidates for the value of
the numeraire portfolio.

However, all of the positive functions π(x) are not square integrable. If we
insist on this condition as well, then there are no candidates for the value of
the numeraire portfolio. Ross can’t recover again, but for a different reason.
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Example 2: CIR Model for the Short Rate

Suppose that after calibrating to caps, floors and swaptions, we find that the
short interest rate r solves the following mean-reverting square root process
under Q:

drt = (µ− κrt)dt + σ
√
rtdWt , t ≥ 0,

where r0, µ, κ, and σ are all known positive constants.

Recall the general ODE governing the positive function π(x) & the scalar λ:

a2(x)

2
π′′(x) + b(x)π′(x)− r(x)π(x) = −λπ(x), x ∈ (`, u).

Here, a2(x) = σ2x > 0, b(x) = µ− κx , r(x) = x , ` = 0, and u =∞ so we
want a positive function π(x) and a scalar λ solving the linear ODE:

σ2x

2
π′′(x) + (µ− κx)π′(x)− xπ(x) = −λπ(x), x ∈ (0,∞).
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Example 2: CIR Model (Con’d)
Recall we want a positive function π(x) and a scalar λ solving the ODE:

σ2x

2
π′′(x) + (µ− κx)π′(x)− xπ(x) = −λπ(x), x ∈ (0,∞).

The scale density s(x) and speed density m(x) of the CIR process are:

s(x) = x
−2µ

σ2 e
2κ
σ2

x m(x) =
2

σ2
x

2µ

σ2
−1e

−2κ

σ2
x .

These densities are used to determine the nature of the boundaries 0 and ∞.
As is well known, ∞ is a natural boundary, while 0 is an entrance boundary

if µ ≥ σ2

2 and regular if µ ∈ (0, σ
2

2 ). When 0 is an entrance boundary, we

must have the reflecting boundary condition lim
x↓0

f ′(x)
s(x) = 0. When 0 is a

regular boundary, we choose to have this condition apply.

Suppose we consider the weighted square integrable function space
L2((0,∞),m(x)dx) Then the spectrum is discrete with eigenvalues and
eigenfunctions known in closed form (see e.g. Gorovoi and Linetsky (2004)).
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Example 2: CIR Model (Con’d)
Examining the closed form expression for the eigenvalues, we observe that
the lowest eigenvalue is λ0 = µ

σ2 (γ − κ), where γ ≡
√
κ2 + 2σ2 > κ.

Examining the closed form expression for the eigenfunctions, we observe that

the associated eigenfunction is π0(x) = e−
γ−κ
σ2

x , which is positive. All of the
other eigenfunctions switch signs at least once.

It follows that in the CIR short rate model, the value function for the
numeraire portfolio must be:

L(r , t) = π0(r)eλ0t = e−
γ−κ
σ2

r+ µ

σ2
(γ−κ)t , r > 0, t ≥ 0.

Under P, Girsanov’s theorem implies that the short rate r solves the SDE:

drt = (µ− γrt)dt + σ
√
rtdBt , t ≥ 0,

where B is a standard Brownian motion. Hence, the short rate is still a CIR
process under P, but with larger mean reversion since γ > κ.

In this example, Ross recovery succeeded and moreover we used his model!
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Summary

We highlighted Ross’s Theorem 1 and proposed an alternative
preference-free way to derive the same financial conclusion.

Our approach is based on imposing time homogeneity on the Q dynamics of
the value L of Long’s numeraire portfolio when it is driven by a bounded
time homogeneous diffusion process X .

We showed how separation of variables allows us to separate beliefs from
preferences.

We explored two examples of unbounded diffusions. In the first (Black
Scholes model for stock price), we are unable to recover the P drift of the
stock. In the second (CIR model for the short rate), we were able to recover
the P dynamics of the short rate.

At present, we do not have a general theory giving sufficient conditions for
when Ross recovery succeeds for unbounded diffusions. Considering the
widespread use of unbounded diffusions in mathematical finance, this is a
good open problem for future research.
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Disclaimer

The information herein has been prepared solely for informational purposes and is
not an offer to buy or sell or a solicitation of an offer to buy or sell any security or
instrument or to participate in any trading strategy. Any such offer would be
made only after a prospective participant had completed its own independent
investigation of the securities, instruments or transactions and received all
information it required to make its own investment decision, including, where
applicable, a review of any offering circular or memorandum describing such
security or instrument, which would contain material information not contained
herein and to which prospective participants are referred. No representation or
warranty can be given with respect to the accuracy or completeness of the
information herein, or that any future offer of securities, instruments or
transactions will conform to the terms hereof. Morgan Stanley and its affiliates
disclaim any and all liability relating to this information. Morgan Stanley, its
affiliates and others associated with it may have positions in, and may effect
transactions in, securities and instruments of issuers mentioned herein and may
also perform or seek to perform investment banking services for the issuers of
such securities and instruments.
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Disclaimer (Con’d)

The information herein may contain general, summary discussions of certain tax,
regulatory, accounting and/or legal issues relevant to the proposed transaction.
Any such discussion is necessarily generic and may not be applicable to, or
complete for, any particular recipient’s specific facts and circumstances. Morgan
Stanley is not offering and does not purport to offer tax, regulatory, accounting or
legal advice and this information should not be relied upon as such. Prior to
entering into any proposed transaction, recipients should determine, in
consultation with their own legal, tax, regulatory and accounting advisors, the
economic risks and merits, as well as the legal, tax, regulatory and accounting
characteristics and consequences, of the transaction.
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Disclaimer (Con’d)

Notwithstanding any other express or implied agreement, arrangement, or
understanding to the contrary, Morgan Stanley and each recipient hereof are
deemed to agree that both Morgan Stanley and such recipient (and their
respective employees, representatives, and other agents) may disclose to any and
all persons, without limitation of any kind, the U.S. federal income tax treatment
of the securities, instruments or transactions described herein and any fact
relating to the structure of the securities, instruments or transactions that may be
relevant to understanding such tax treatment, and all materials of any kind
(including opinions or other tax analyses) that are provided to such person
relating to such tax treatment and tax structure, except to the extent
confidentiality is reasonably necessary to comply with securities laws (including,
where applicable, confidentiality regarding the identity of an issuer of securities or
its affiliates, agents and advisors).
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Disclaimer (Con’d)
The projections or other estimates in these materials (if any), including estimates
of returns or performance, are forward-looking statements based upon certain
assumptions and are preliminary in nature. Any assumptions used in any such
projection or estimate that were provided by a recipient are noted herein. Actual
results are difficult to predict and may depend upon events outside the issuers or
Morgan Stanley’s control. Actual events may differ from those assumed and
changes to any assumptions may have a material impact on any projections or
estimates. Other events not taken into account may occur and may significantly
affect the analysis. Certain assumptions may have been made for modeling
purposes only to simplify the presentation and/or calculation of any projections or
estimates, and Morgan Stanley does not represent that any such assumptions will
reflect actual future events. Accordingly, there can be no assurance that
estimated returns or projections will be realized or that actual returns or
performance results will not be materially different than those estimated herein.
Any such estimated returns and projections should be viewed as hypothetical.
Recipients should conduct their own analysis, using such assumptions as they
deem appropriate, and should fully consider other available information in making
a decision regarding these securities, instruments or transactions. Past
performance is not necessarily indicative of future results. Price and availability
are subject to change without notice.
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Disclaimer (Con’d)

The offer or sale of securities, instruments or transactions may be restricted by
law. Additionally, transfers of any such securities, instruments or transactions
may be limited by law or the terms thereof. Unless specifically noted herein,
neither Morgan Stanley nor any issuer of securities or instruments has taken or
will take any action in any jurisdiction that would permit a public offering of
securities or instruments, or possession or distribution of any offering material in
relation thereto, in any country or jurisdiction where action for such purpose is
required. Recipients are required to inform themselves of and comply with any
legal or contractual restrictions on their purchase, holding, sale, exercise of rights
or performance of obligations under any transaction. Morgan Stanley does not
undertake or have any responsibility to notify you of any changes to the attached
information. With respect to any recipient in the U.K., the information herein has
been issued by Morgan Stanley & Co. International Limited, regulated by the
U.K. Financial Services Authority. THIS COMMUNICATION IS DIRECTED IN
THE UK TO THOSE PERSONS WHO ARE MARKET COUNTER PARTIES OR
INTERMEDIATE CUSTOMERS (AS DEFINED IN THE UK FINANCIAL
SERVICES AUTHORITYS RULES). ADDITIONAL INFORMATION IS
AVAILABLE UPON REQUEST.
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