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Cras h  Cours e on 
Computati onal  Compl ex i ty
� Comp utational Comp lex ity
� Comp uting  M odels
� Some notation
� U nif ormity



Computati onal  Compl ex i ty
� W e usually  measure the amount of  resources 

( e. g .  time,  sp ace,  g ates)  used b y  an alg orithm 
as a f unction of  the inp ut siz e.
� E . g .  T he g rade-school alg orithm f or 

multip ly ing  tw o n-b it integ ers uses O ( n2 )  
time step s.   FFT  methods use 
O ( n( log n) ( log log n) )  time step s.  T he b est 
k now n low er b ound is step s.)n(Ω



“pol y nomi al ”  c os t
� W hen w e say  an alg orithm uses a p oly nomial 

amount of  some resource ( e. g .  time,  sp ace,  
g ates,  energ y ) ,  w e mean that there is some 
p oly nomial p ( n)  such that the amount of  that 
resource used b y  the alg orithm is in O ( p ( n) )
� E . g .  w e can multip ly  n-b it numb ers in 

p oly nomial time.



“pol y nomi al ”  c os t
� If  the cost is not b ounded ab ov e b y  a 

p oly nomial,  w e say  its “ sup er-p oly nomial” ;  
sometimes p eop le ab use the term 
“ ex p onential”  to mean sup er-p oly nomial
� E . g .  the b est rig orous p rob ab ilistic classical 

alg orithm f or f actoring  n-b it numb ers uses 
time in 
� So there is no k now n p oly nomial time 

classical alg orithm f or f actoring

)log( nnO
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W h at’ s  s o s pec i al  ab out 
pol y nomi al s ?

� T he Strong  Church-T uring  thesis states that 
a p rob ab ilistic T uring  machine can simulate 
any  reasonab le alg orithmic p rocess w ith at 
most a p oly nomial ov erhead
� U sing  p oly nomial cost as our notion of  

“ ef f iciency ”  is v ery  conv enient.



Computi ng  M od el s
� T w o commonly  used models are the T uring  

machine model and the circuit model



T uri ng  mac h i nes
� T uring  machines can tak e inp uts of  any  siz e.  
� W e measure the time comp lex ity  of  a 

comp utation on a T uring  machine b y  the 
numb er of  step s tak en b ef ore the T M  stop s
� T he sp ace comp lex ity  is the numb er of  tap e 

p ositions used f or the comp utation
� W e usually  consider the worst case

comp lex ity  f or an inp ut of  a f ix ed siz e n.



A s y mptoti c  N otati on
� A  f unction f ( n)  is in O ( g ( n) )  if  f or some 

constant m there ex ists a p ositiv e constant 
c such that f ( n)     c g ( n)  f or all n     m
� A  f unction f ( n)  is in    if  f or some 

constant m there ex ists a p ositiv e constant 
c such that f ( n)     c g ( n)  f or all n     m
� A  f unction f ( n)  is in if  f or some 

constant m there ex ists p ositiv e constants 
c1 c2 such that c1 g ( n)     f ( n)      c2 g ( n)  f or 
all n     m
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Ci rc ui ts
� W e usually  measure the comp lex ity  of  a 

circuit Cn b y  its siz e,  | Cn | ,  w hich is the 
numb er of  g ates in it.
� W e can also measure the dep th ( or time) ,  

and the sp ace ( or w idth) .
� Circuits only  tak e a f ix ed siz e inp ut.  So how  

can w e f airly  comp are them to T uring  
machines?



F ami l i es  of  Ci rc ui ts
� W e consider f amilies of  circuits { Cn }  w here 

Cn tak es inp uts of  siz e n.
� W e can,  e. g . ,  desig n a f amily  of  

multip lication circuits w here Cn has siz e 
O ( n2 )  or O ( n log n log log n) .
� R ecall that the descrip tion of  a T uring  

machine is f inite.  W here do w e k eep  an 
inf inite f amily  of  circuits?



F ami l i es  of  Ci rc ui ts
� W e hav e a p rocedure ( e. g .  a T uring  machine)  

that g enerates the circuit diag rams f or us
� For the siz e of  the circuit Cn to f airly  

ref lect the comp lex ity  of  solv ing  a p rob lem 
on an inp ut of  siz e n,  the comp lex ity  of  
g enerating  the circuit must b e “ reasonab le”



F ami l i es  of  Ci rc ui ts
� T he def inition of  “ reasonab le”  v aries 

dep ending  one w hat y ou are try ing  to p rov e,  
b ut as a b are minimum,  w e ex p ect the time 
and sp ace comp lex ities of  g enerating  Cn to 
b e at most p oly nomial in the siz e of  Cn
� For most of  the circuits w e w ill encounter,  

it w ill b e clear that w e can ef f iciently  
g enerate Cn g iv en the integ er n



F ami l i es  of  Ci rc ui ts
� A  f amily  of  circuits that can b e ef f iciently  

g enerated is a u n i f orm  f am i l y of  circuits
� N on-unif orm f amilies of  circuits can req uire 

ex p onential resources to construct.  It is 
p ossib le to hide v aluab le inf ormation in the 
circuit Cn that w e mig ht not b e ab le to 
comp ute f rom scratch using  p oly ( | Cn | )  
resources.  It is not ap p rop riate to use | Cn |  
as a measure of  the comp lex ity  of  solv ing  a 
p rob lem “ f rom scratch”



U ni f orm F ami l i es  of  A c y c l i c  
Quantum Ci rc ui ts

� T he comp uting  model w e w ill use f or most of  
this course is u n i f orm  f am i l i es of  acy cl i c 
ci rcu i ts
� T he w ord “ circuit”  seems to ref er to 

p articular p hy sical imp lementation of  a 
comp uter.  W e w ill of ten use the terms 
“ netw ork ”  or “ array  of  g ates”  instead.



Quantum A l g ori th ms  
O v erv i ew

� E ig env alue E stimation lets us f actor 
integ ers
� E ig env alue ‘ k ick -b ack ’  turns eig env alue

estimation p rob lem into p hase estimation 
p rob lem
� Quantum Fourier T ransf orm and P hase 

E stimation
� G eneraliz ation to f inding  hidden 

sub g roup s
� Finding  H idden A f f ine Functions



I nteg er F ac tori z ati on
� T he security  of  many  p ub lic k ey  

cry p tosy stems used in industry  today  
relies on the dif f iculty  of  f actoring  
larg e numb ers into smaller f actors.  
� Factoring  the integ er N  into smaller 

f actors can b e reduced to the f ollow ing  
task :
G iv en integ er a,  f ind the smallest p ositiv e 
integ er r so that       a r Nmod1≡



S i mpl e operator
Since w e k now  how  to ef f iciently  multip ly  b y  
a mod N ,  w e can ef f iciently  imp lement

a
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N ote that
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I nteres ti ng  ei g env al ues
If then the eig env alues of

are of  the f orm 
Ua
r I=

ki2
e
π
rUa

Ua kk ψ=ψ
ki2 π

e r

j1r

0j
r
kji2

k aeψ ∑−
=

=
π



Ch ec k i ng  th e ei g env al ue
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F i nd i ng  r
For most integ ers k ,  a g ood estimate of   
( w ith error at most      )  allow s us to 
determine r ( ev en if  w e don’ t k now  k ) .  
( using  continued f ractions)

kΨ

r
k

W here do w e g et ?

∑−
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Since most k  are g ood,  a random        
suf f ices.   T ry  

2r2
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kΨ



E s ti mati ng  R and om 
E i g env al ue l ets  us  F ac tor

In summary :
Factoring  larg e numb ers can b e reduced to 
estimating  a random eig env alue of  Ua



M us t mak e th e “g l ob al ”  
ph as e a “rel ati v e”  ph as e

A  g lob al p hase has no p hy sical sig nif icance.
In other w ords,  states that dif f er only  b y  a 
g lob al p hase are eq uiv alent

xbxαU
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so Φ≈Φθie
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 θθ ii ee



M us t mak e th e “g l ob al ”  
ph as e a “rel ati v e”  ph as e

A  relativ e p hase can af f ect outcome 
p rob ab ilities 
E . g .  
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E i g env al ue “k i c k -b ac k ”
W e can also ef f iciently  imp lement

x0Uc− x0=

a
a

so
x1=x1Uc− a

kΨ0=kΨ0Uc− a

k
r
ki2 Ψ1e π

=kΨ1Uc− a



H ow  d o w e i mpl ement c -U ?
R ep lace ev ery  g ate G  in the circuit f or            
w ith a c-G .
For ex amp le,

=



E i g env al ue k i c k -b ac k
W e can thus ef f iciently  imp lement

a

10 + 1e0 i+

kΨ kΨU

T his g iv es us a relativ e p hase shif t of  
in the control q ub it
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I nef f i c i ent ex ponenti ati on
W e can ef f ect a relativ e p hase shif t of

a
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E f f i c i ent E x ponenti ati on
B ut w e can also do it efficiently b y  noticing  
that
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R ed uc ti on to ph as e 
es ti mati on

W e can ef f iciently  construct
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P h as e E s ti mati on
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G iv en the q ub its

L

E stimate     rk



S pec i al  Cas e

( )( )1e0 321 xx0.xi2π+

W here     

( )( )1e0 32x0.xi2π+ ( )( )1e0 3x0.i2π+

( )( )1e0 i ϕ+
( )( )1e0 2i ϕ+ ( )( )1e0 4i ϕ+
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Since            then we have the state    1ei2π =



Recall H ad am ar d t r an s f o r m

( ) ( )( )1e011)(0b b0.π2ibH +=−+→←



O b v i o u s  P h as e E s t i m at i o n  
A lg o r i t h m

( )( )1e0 321 xx0.xi2π+

( )( )1e0 32x0.xi2π+

( )( )1e0 3x0.i2π+ 3xH



P h as e E s t i m at i o n

( )( )1e0 321 xx0.xi2π+

( )( )1e0 32x0.xi2π+

( )( )1e0 3x0.i2π+ 3xH

2R ( )( )1e0 2x0.i2π+

jR0 10 jR 1e j2
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N at u r al P h as e E s t i m at i o n

( )( )1e0 321 xx0.xi2π+

( )( )1e0 32x0.xi2π+

( )( )1e0 3x0.i2π+ 3xH

2R H 2x



P h as e E s t i m at i o n

( )( )1e0 321 xx0.xi2π+

( )( )1e0 32x0.xi2π+

( )( )1e0 3x0.i2π+ 3xH

2R H 2x

2R3R H 1x



I n v er s e Q u an t u m  F o u r i er  
T r an s f o r m

H

2R H

2R3R H

If we reorder the final q u b its ,  we hav e
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W h at  i s  a ( Q ) F T ?
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W h at  i s  a ( Q ) F T ?
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W h at  i s  a ( Q ) F T ?
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W h at  i s  a ( Q ) F T ?
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P h as e E s t i m at i o n :  A r b i t r ar y     
3xH

2R H 2x

2R3R H 1x( )( )1e0 i ϕ+

( )( )1e0 2i ϕ+

( )( )1e0 4i ϕ+

ϕ

8
)x2x(4x2π 321 ++

=ϕ~ 2π
8

8
1P ≥


 ≤−
π
ϕ

π
ϕ

22

~



Quantum Factoring
We can efficiently estimate

a

10 +

kΨ U 2a
U 4a
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[ K itaev 9 5 ,  C E M M 9 8 ]
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Factoring N e tw ork

a

0

U 2a
U 4a

0
0

U

1QFT −QFT

We ar e effectiv ely stu d ying  th e b eh av io u r  o f 
th e co ntr o lled - in a ‘ v er y q u antu m’  b asis.aU
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Factoring N e tw ork
T h e g iv en netw o r k  map s
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P artial  me as ure me nts
Wh at d o  w e g et w h en w e 
measu r e th e fir st r eg ister ?   
I n g ener al,  w e can r ew r ite
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P artial  me as ure me nts
2

xb
T h e p r o b ab ility o f measu r ing  x  in th e fir st 
r eg ister  o f is∑

x
xx Φxb



P artial  me as ure me nts
A lter nativ ely,  w e can r ew r ite
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P artial  me as ure me nts

2
yc

M easu r ing  th e fir st r eg ister  o f
is eq u iv alent to  p er fo r ming  a measu r ement 
o n th e state

yΦc
y

yy∑ ′

yΦ ′ w ith  p r o b ab ility



P artial  me as ure me nts

r
1

M easu r ing  th e fir st r eg ister  o f
is eq u iv alent to  p er fo r ming  a measu r ement 
o n th e state         w ith  p r o b ab ility
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Factoring N e tw ork
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U 4a

0
0

U

1QFT −QFT

We ar e effectiv ely stu d ying  th e b eh av io u r  o f 
th e co ntr o lled - in a ‘ v er y q u antu m’  b asis.aU

[CEMM98] show this is equivalent to [Shor94]
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C omp l e x ity  comp aris on
T h e b est r ig o r o u s classical alg o r ith ms u se

o p er atio ns))Nlog(log)Nlog((Oe
T h e b est h eu r istic classical alg o r ith ms u se

o p er atio ns))Nlog(log)N((log(O 3
2

3
1

e
T h e q u antu m alg o r ith m u ses  p o ly( lo g ( N ) )

o p er atio ns))Nlog((logOe=



H id d e n S ub group
T h is ap p r o ach  allo w s u s to  so lv e efficiently any 
“ A b elian H id d en S u b g r o u p  P r o b lem”
( see [ M E 9 8 ] , [ M 9 9 ] , [ N C 0 0 ] )

f : → X
K ≤

)()( yfxf = ⇔ Kyx ∈−

F ind  K

G
G



H id d en A ffine F u nctio ns:
f : →

F ind        u sing  o nly m ev alu atio ns o f   
( instead  o f n+ 1 )   ( D , B V , C E M M , H , M )  

n
pZ

m
pZ

x →

M

x + bM
f

H id d e n A f f ine  Functions


