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Outline

1) Functional Itô Calculus

• Functional Itô formula
• Functional Feynman-Kac
• PDE for path dependent options

2) Applications

• Volatility expansion in LVM
• Vega decomposition
• Robust hedge with Vanillas
• Super-replication and claim decomposition



1) Functional Itô Calculus
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Review of Itô Calculus
D. hhtp://ssrn.com/abstract=1435551

• 1D

• nD

• infiniteD

• Malliavin Calculus

• Functional Itô Calculus
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Functionals of running paths
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Derivatives
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Topology and Continuity
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Functional Itô Formula
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Fragment of proof
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Functional Feynman-Kac Formula

))(  martingale  the toformula Itô functional(apply 

0)(
2

)(
)()()()()(

satisfiesit  smooth, is  if Then,

)()(],,[for 

)()(],,0[for 
  where

]|)([)(

by : define  We. :,: ,integrablesuitably  For 

)()(

payoff.dependent path  and dynamics Markovnon  FK to oftion Generalisa

0
)(

2

)(

t

duXr

txx
t

tttxttt

uuuu

tT

ttT

duZr

t

T

tttt

Xfe

Xf
Xb

XfXrXfXaXf

f

dWZbduZadzTtu

uYuZtu

YZZgeEYf

frgg

dWXbdtXadx

t

u

T

t
u

∫

=∆+−∆+∆





+=∈
=∈

=∫≡

ℜ→Λℜ→Λℜ→Λ
+=

−

−



Delta Hedge/Clark-Ocone
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Functional PDE for Exotics
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Classical PDE for Asian
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Better Asian PDE
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2) Robust Volatility Hedge



Local Volatility Model

• Simplest model to fit a full surface

• Forward volatilities that can be locked
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Summary of LVM

• Simplest model that fits vanillas

• In Europe, second most used model (after Black-
Scholes) in Equity Derivatives

• Local volatilities: fwd vols that can be locked by a 
vanilla PF

• Stoch vol model calibrated ó

• If no jumps, deterministic implied vols => LVM
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S&P500 implied and local vols



Hedge within/outside LVM

• 1 Brownian driver => complete model

• Within the model, perfect replication by Delta 
hedge

• Hedge outside of (or against) the model: hedge 
against volatility perturbations

• Leads to a decomposition of Vega across strikes 
and maturities



P&L from Delta hedging
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Model Impact
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Comparing calibrated models
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Volatility Expansion in LVM
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Fréchet Derivative in LVM
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One Touch Option - Price

Black-Scholes model S0=100, H=110, σ=0.25, T=0.25



One Touch Option - Γ
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Up-Out Call - Price

Black-Scholes model S0=100, H=110, K=90, σ=0.25, T=0.25



Up-Out Call - Γ
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Black-Scholes/LVM comparison

price. LVM reach the  toenables Scholes-Black  theofinput y  volatilitno case, In this



Vanilla hedging portfolio I
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Vanilla hedging portfolios II
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Example : Asian option
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Asian Option Hedge
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Fwd Start Option Hedge
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SUPER-REPLICATION/

CLAIM DECOMPOSITION



Claim Pricing

• Complete Markets
• perfect replication

• unique price

• Incomplete Markets
• imperfect replication

• range of prices

– Minimum variance hedge

– Indifference pricing (utility based)

– Super-replication



Static hedge in Stocks and Bonds
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Arbitrage free prices for g

1. Take convex hull 
of (S, g(S)) in the 
plane

2. Intersect with the 
vertical line at S0

S0

LB

UB



Price Range

1. If α > UB
• Sell Claim for α

• Buy super-replication 

for UB

2. Prices in (LB, UB) are 
possible

• Binomial model with 
states = contact points

S0

UB

α

S0



Theory of static case

• Delbaen-Schachermayer (1994): Duality Result

• Price decomposition

– With static position in options and dynamic position in stocks

where C
i 
0 is the price of option C

i 
at 0

g



Continuous time case

• El Karoui - Quenez (1995): LB is a submartingale

• Dynamic version of Delbaen - Schachermayer (1994)

• Kramkov (1996): Optimal decomposition theorem

where k is a non decreasing process

• Interpretation: The increasing process k comes from improving 
LB whenever you can

• In other words, if you prepare for the worst, you can only have 
good surprises



One Touch example

• A super-replication A put in place today will still work tomorrow. If 
a cheaper one, B is available tomorrow, roll from A to B to collect 
the improvement

• If at t
n+1 

is cheaper than 

• Sell A(tn) and buy B(tn+1): you collect the difference and still super-
replicate
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Parabola Example

• If you delta hedge at stopping times τi, you collect the discrete 
quadratic variation

• No hedge à

• Hedge at τi à

• Continuous hedge à (quadratic variation of S)
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European Case 1 period
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European Case Continuous Time
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Basket Option: k2
Let the underlying of the Basket option be X and Y

1. Payoff = (X + Y – K)+

For simplicity, K = 0: (X+Y)+ ≤ X+ + Y+

So, X+ + Y+ - (X+Y)+



Basket Parabola: k1
Let the underlying of the Basket option be X and Y

2. Payoff = (X + Y – K)2

For simplicity, K = 0: (X+Y)2 ≤ 2(X2 + Y2)

So, 2(X2 + Y2)  - (X+Y)2 = (X-Y)2



Path Dependent Case
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Subfunctionals



LB and Functional Itô Formula
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jump :measure minimizing0)(
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CONCLUSION



Conclusion

• Itô calculus can be extended to functionals of price paths

• Price difference between 2 models can be computed

• We get a variational calculus on volatility surfaces

• It leads to a strike/maturity decomposition of the volatility 
risk of the full portfolio

• (Path dependent) Claims can be decomposed in a 
canonical way. It refines the Kramkov result and splits 
the increasing process in 2


