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Models of Risk Choice

Study of continuous-time portfolio choice has predominantly
centered around expected utility maximization

However, it has been known for a long time that some of the
basic tenets of the expected utility are systematically violated
in practice

Many alternative preferences have been put forth

Yaari’s “dual theory of choice” (Yaari 1987)
Rank-dependent utility (Quiggin 1982 and Schmeidler 1989)
Kahneman and Tversky’s prospect theory (Kahneman and
Tversky 1979, Tversky and Kahneman 1992)
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Models of Risk Choice

Study of continuous-time portfolio choice has predominantly
centered around expected utility maximization

However, it has been known for a long time that some of the
basic tenets of the expected utility are systematically violated
in practice

Many alternative preferences have been put forth

Yaari’s “dual theory of choice” (Yaari 1987)
Rank-dependent utility (Quiggin 1982 and Schmeidler 1989)
Kahneman and Tversky’s prospect theory (Kahneman and
Tversky 1979, Tversky and Kahneman 1992)
Lopes’ SP/A theory (Lopes 1987, Lopes and Oden 1999)
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Portfolio Choice with New Preferences

Although some of these preferences have been shown hopeful
to explain the anomalies in financial markets, analytical
treatments have not yet been fully exploited. Some new
features in these preferences, especially the nonlinear
transformation of probability measures, cause the difficulty

Inspired by these models of choice, we propose a new portfolio
choice model featuring hope, fear and aspiration

This model is based on SP/A theory and rank-dependent
utility

Analytical solutions are found and the impact of hope, fear,
and aspiration is studied
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Hope and Fear

Hope: something good that you want to happen in the future,
or a confident feeling about what will happen in the future

Fear: an unpleasant emotion or thought that you have when
you are frightened or worried by something dangerous, painful
or bad that is happening or might happen

Hope and fear coexist. Hope is optimism over extremely
satisfactory situations and fear is pessimism over really poor
situations

When evaluating a random prospect, hope makes the agent
overweight the probability of best outcomes, while fear makes
him overweight the probability of worst outcomes
(rank-dependent utility theory and prospect theory)
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Hope and Fear (Con’d)

We appeal to rank-dependent utility to model hope and fear

V (X) : =

∫ +∞

0
u(x)d[−w(1 − FX(x))]

=

∫ +∞

0
u(x)w′(1− FX(x))dFX (x)
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Hope and Fear (Con’d)

We appeal to rank-dependent utility to model hope and fear

V (X) : =

∫ +∞

0
u(x)d[−w(1 − FX(x))]

=

∫ +∞

0
u(x)w′(1− FX(x))dFX (x)

u(·) is typically concave

Low end of w(·) corresponds to large payoffs (good
situations); while high end corresponds to small payoffs (bad
situations)

w(·), probability distortion function, is usually reverse-S
shaped, capturing hope and fear simultaneously
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Distortion Functions
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Tversky−Fox’s distortion
Prelec’s distortion
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Aspiration

Aspiration: something that you hope to achieve.

It reflects the opportunities at hand as well as the constraints
imposed by the environment

The direct assessment of what is reasonable or safe to hope for
The direct contextual influence of the other alternatives in the
choice set
Outside influence
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Aspiration

Aspiration: something that you hope to achieve.

It reflects the opportunities at hand as well as the constraints
imposed by the environment

The direct assessment of what is reasonable or safe to hope for
The direct contextual influence of the other alternatives in the
choice set
Outside influence

Aspiration is modeled by the constraint

P (X ≥ A) ≥ α

where A is aspiration level, α is confidence level
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Literature

Shefrin and Statman (2000) considered SP/A model in
single-period

Jin and Zhou (2008) considered prospect theory model in
continuous time

He and Zhou (2010) developed a general method to deal with
the distortion function in the context of continuous-time
portfolio choice, and applied it to Yaari’s model

Carlier and Dana (2009) considered the portfolio selection
problem with rank-dependent utility
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Market

A continuous-time market

Finite horizon T

n-dimensional Brownian motion

One risk-free asset with rate r(·) and m risky assets (stocks)
satisfying diffusion processes with mean rate b(·) and volatility
matrix σ(·)

Difficulty caused by distortion function

Time-Inconsistency, HJB fails
Non-concavity, convex duality fails

Martingale approach applied

A static problem
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Portfolio Choice Model

HF/A portfolio choice model

Max
X

∫∞

0 u(x)d [−w(1− FX(x))]

Subject to P (X ≥ A) ≥ α,

E[ρX] ≤ x0, X ≥ 0,

(P)
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Portfolio Choice Model

HF/A portfolio choice model

Max
X

∫∞

0 u(x)d [−w(1− FX(x))]

Subject to P (X ≥ A) ≥ α,

E[ρX] ≤ x0, X ≥ 0,

(P)

Non-concavity due to the distortion function

Quantile formulation (Schied 2004, Carlier and Dana 2006,
Jin and Zhou 2008, He and Zhou 2010)
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Quantile Formulation

The HF/A portfolio choice model

Max
X

V (X) :=
∫ +∞

0 u(x)d[−w(1 − FX(x))]

Subject to X ∈ F(T ),X ≥ 0, P (X ≥ A) ≥ α,

E[ρX] ≤ x0

(P)
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E[ρX] ≤ x0

(P)

Objective

V (X) =

∫ 1
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Quantile Formulation

The HF/A portfolio choice model

Max
X

V (X) :=
∫ +∞

0 u(x)d[−w(1 − FX(x))]

Subject to X ∈ F(T ),X ≥ 0, P (X ≥ A) ≥ α,

E[ρX] ≤ x0

(P)

Objective

V (X) =

∫ 1

0
u(F−1

X (z))w′(1− z)dz

Constraints

F−1
X (0+) ≥ 0, F−1

X ((1− α)+) ≥ A

Budget constraint (by Hardy-Littlewood inequality)
∫ 1

0
F−1
ρ (1− z)F−1

X (z)dz ≤ x0
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Quantile Formulation (Cont’d)

Let G(·) = F−1
X (·), we derive the quantile formulation

Max
G(·)

U(G(·)) :=
∫ 1
0 u(G(z))w′(1− z)dz

Subject to G(·) ∈ G, G(0+) ≥ 0, G((1 − α)+) ≥ A,
∫ 1
0 F−1

ρ (1− z)G(z)dz ≤ x0

(P)

where G is the set of all quantile functions.
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Quantile Formulation (Cont’d)

Let G(·) = F−1
X (·), we derive the quantile formulation

Max
G(·)

U(G(·)) :=
∫ 1
0 u(G(z))w′(1− z)dz

Subject to G(·) ∈ G, G(0+) ≥ 0, G((1 − α)+) ≥ A,
∫ 1
0 F−1

ρ (1− z)G(z)dz ≤ x0

(P)

where G is the set of all quantile functions.

If G∗(·) is an optimal solution to the quantile formulation,
then X∗ := G∗(1− Fρ(ρ)) is an optimal terminal wealth
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Lagrange Dual Method

Feasibility and Well-posedness of HF/A model can be studied
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Lagrange Dual Method

Feasibility and Well-posedness of HF/A model can be studied

The quantile formulation is solved by Lagrange dual method.

Max
G(·)

Uλ(G(·)) :=
∫ 1
0 fλ(G(z); z)dz

Subject to G(·) ∈ G, G(0+) ≥ 0, G((1 − α)+) ≥ A
(Pλ)

where fλ(x; z) := u(x)w′(1− z)− λF−1
ρ (1− z)x
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Lagrange Dual Method

Feasibility and Well-posedness of HF/A model can be studied

The quantile formulation is solved by Lagrange dual method.

Max
G(·)

Uλ(G(·)) :=
∫ 1
0 fλ(G(z); z)dz

Subject to G(·) ∈ G, G(0+) ≥ 0, G((1 − α)+) ≥ A
(Pλ)

where fλ(x; z) := u(x)w′(1− z)− λF−1
ρ (1− z)x

Explicit solutions can be found
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Fear Index

Fear index:

Iw(z) :=
w′′(z)

w′(z)
, 0 < z < 1.
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Fear Index

Fear index:

Iw(z) :=
w′′(z)

w′(z)
, 0 < z < 1.

Theorem: Let F̄ (z) := F−1
ρ (z), 0 < z < 1. If

Iw(z) ≥
F̄ ′(z)
F̄ (z)

, 1− ε < z < 1 for some ε > 0, then for any

optimal solution X∗, essinfX∗ > 0.
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Theorem: Let F̄ (z) := F−1
ρ (z), 0 < z < 1. If

Iw(z) ≥
F̄ ′(z)
F̄ (z)

, 1− ε < z < 1 for some ε > 0, then for any

optimal solution X∗, essinfX∗ > 0.

The above condition is satisfied for a lognormal distributed ρ

and classcial distortions

Strong fear induces portfolio insurance endogenously!
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Fear Index

Fear index:

Iw(z) :=
w′′(z)

w′(z)
, 0 < z < 1.

Theorem: Let F̄ (z) := F−1
ρ (z), 0 < z < 1. If

Iw(z) ≥
F̄ ′(z)
F̄ (z)

, 1− ε < z < 1 for some ε > 0, then for any

optimal solution X∗, essinfX∗ > 0.

The above condition is satisfied for a lognormal distributed ρ

and classcial distortions

Strong fear induces portfolio insurance endogenously!

Carlier and Dana (2009) derive a similar result
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Hope Index

Hope index:

Hw(z) :=
w′(z)

1− w(z)
, 0 < z < 1.
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Hope Index

Hope index:

Hw(z) :=
w′(z)

1− w(z)
, 0 < z < 1.

Theorem: Let X∗
1 and X∗

2 be the optimal solutions
corresponding to two distortion functions w1(·) and w2(·)
respectively. If

lim
z↓0

Hw1
(z)

Hw2
(z)

= +∞,

then there exists c > 0 such that X∗
1 > X∗

2 on {ρ ≤ c}.
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Hope Index

Hope index:

Hw(z) :=
w′(z)

1− w(z)
, 0 < z < 1.

Theorem: Let X∗
1 and X∗

2 be the optimal solutions
corresponding to two distortion functions w1(·) and w2(·)
respectively. If

lim
z↓0

Hw1
(z)

Hw2
(z)

= +∞,

then there exists c > 0 such that X∗
1 > X∗

2 on {ρ ≤ c}.

Higher hope index makes the agent gamble more on the best
scenarios so that he can get higher payoff when these
scenarios really happen.
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Lottery-likeness Index

Lottery-likeness index

L(A) =
essinf

(

X∗ | ρ ≤ F−1
ρ (α)

)

esssup
(

X∗ | ρ > F−1
ρ (α)

) .
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Lottery-likeness Index

Lottery-likeness index

L(A) =
essinf

(

X∗ | ρ ≤ F−1
ρ (α)

)

esssup
(

X∗ | ρ > F−1
ρ (α)

) .

The lottery-likeness index measures how the optimal terminal
is like a lottery, serving as an indicator of how aggressive the
agent is.
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Lottery-likeness Index

Lottery-likeness index

L(A) =
essinf

(

X∗ | ρ ≤ F−1
ρ (α)

)

esssup
(

X∗ | ρ > F−1
ρ (α)

) .

The lottery-likeness index measures how the optimal terminal
is like a lottery, serving as an indicator of how aggressive the
agent is.

Theorem: L(A) can be computed explicitly and is increasing
w.r.t the aspiration level A
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Example

Investment horizon T = 1
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Example

Investment horizon T = 1

Fρ(x) = Φ
(

lnx−µρ

σρ

)

with µρ = −0.0665 and σρ = 0.3911

(estimated from market data)
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Example

Investment horizon T = 1

Fρ(x) = Φ
(

lnx−µρ

σρ

)

with µρ = −0.0665 and σρ = 0.3911

(estimated from market data)

Power utility u(x) = x1−η

1−η
with η = 1.5
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Example

Investment horizon T = 1

Fρ(x) = Φ
(

lnx−µρ

σρ

)

with µρ = −0.0665 and σρ = 0.3911

(estimated from market data)

Power utility u(x) = x1−η

1−η
with η = 1.5

Jin-Zhou distortion

w(z) =







kebµρ+(a+b)σρΦ
−1(1−z0)+

(aσρ)2

2 Φ
(

Φ−1(z) + aσρ

)

, z ≤ 1− z0,

A+ kebµρ+
(bσρ)2

2 Φ
(

Φ−1(z)− bσρ

)

, z ≥ 1− z0

where k is determined by a, b, z0. b measures fear and a

measures hope. Choose a = 3, b = 2.2 and z0 =
2
3 .
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Example

Investment horizon T = 1

Fρ(x) = Φ
(

lnx−µρ

σρ

)

with µρ = −0.0665 and σρ = 0.3911

(estimated from market data)

Power utility u(x) = x1−η

1−η
with η = 1.5

Jin-Zhou distortion

w(z) =







kebµρ+(a+b)σρΦ
−1(1−z0)+

(aσρ)2

2 Φ
(

Φ−1(z) + aσρ

)

, z ≤ 1− z0,

A+ kebµρ+
(bσρ)2

2 Φ
(

Φ−1(z)− bσρ

)

, z ≥ 1− z0

where k is determined by a, b, z0. b measures fear and a

measures hope. Choose a = 3, b = 2.2 and z0 =
2
3 .

Initial budget x0 = 1
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Optimal Solution with Different Aspiration Levels
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Lottery-likeness Index with Different Confidence Levels

0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

A

Lo
tte

ry
−

lik
en

es
s 

In
de

x

 

 

α=50%

α=10%

Xuedong He Hope, Fear, and Aspiration



Introduction Hope, Fear, Aspiration Model Example Conclusions

Optimal Solutions with Different Levels of Hope
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Optimal Solutions with Different Levels of Fear
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Portfolio Insurance Level
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Dynamic Portfolio

Optimal dynamic portfolio (the dollar amount in stock at each
time t)

π(t) = ∆(t, ρ(t))
1

η
(σ⊤)−1θX(t), 0 ≤ t < T.
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Dynamic Portfolio

Optimal dynamic portfolio (the dollar amount in stock at each
time t)

π(t) = ∆(t, ρ(t))
1

η
(σ⊤)−1θX(t), 0 ≤ t < T.

∆(t, ρ) is strictly increasing w.r.t ρ and

lim
ρ↓0

∆(t, ρ) = a+ 1, lim
ρ↑∞

∆(t, ρ) = 0
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Deviation from EUT
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Number of Shares in Stock: EUT with η = 5
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Number of Shares in Stock: HF/A with η = 5
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Conclusions

We have considered the portfolio choice problem in
continuous time featuring hope, fear, and aspiration
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Conclusions

We have considered the portfolio choice problem in
continuous time featuring hope, fear, and aspiration

By applying the quantile formulation, we have solved this
model completely

Three indices: hope index, fear index and lottery-likeness
index have been introduced

Strong fear leads to portfolio insurance

Hope makes investors gamble more on good situations
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Conclusions

We have considered the portfolio choice problem in
continuous time featuring hope, fear, and aspiration

By applying the quantile formulation, we have solved this
model completely

Three indices: hope index, fear index and lottery-likeness
index have been introduced

Strong fear leads to portfolio insurance

Hope makes investors gamble more on good situations

High aspiration produces aggressive strategies
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