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Dynamical Systems

(X , T ) is a Cantor Minimal System. MT (X ) = {µ : Tµ = µ}.

I Weakly Mixing: (TFAE)
(X × X , T × T ) is transitive.

∀ two open sets U,V {n ∈ N : U ∩ T nV 6= ∅} is thick.

I Spectrum:

λ = e2πiθ ∈ SP(T ) if ∃ fλ ∈ C (X ); fλ ◦ T = λfλ.



I factoring into (onto) the unit circle:

fλ ◦ T = λfλ,
X T−→ X

fλ ↓ ↓ fλ
S1 Rθ−→ S1

Weak Mixing ⇔ trivial spectrum, θ = 0.

I Kronecker Sys.: A minimal equicontinuous system on a
compact metric group. It is also called an automorphic system.

I An almost 1:1 extension of a Kronecker system is called almost
automorphic.



I Λ : the set of all rationally independent elements of SP(T ).

S :
∏
λ∈Λ

S1 →
∏
λ∈Λ

S1

S((x1, x2, . . . )) = (λ1, λ2, . . . )(x1, x2, . . . ).

I (Zr , Tr ) the maximal rational factor (an odometer) of (X , T ),

Z =
∏
θ

S1
θ × Zr , R =

∏
θ

Rθ × Tr

X T−→ X
φ ↓ ↓ φ
Z R−→ Z

(Z , R) is the maximal equicontinuous factor of (X , T ).

Weak Mixing ⇔ trivial maximal equicontinous factor



(Strong) Orbit Equivalence

I (X , T ) O.E. (Y , S):

∃ h : X → Y ; h(OT (x)) = OS(h(x))

I cocycle map: n : X → Z h(Tx) = Sn(x)x is unique.

I (X , T ) S.O.E. (Y , S):
the cocycle map has just one point of discontinuity.

I [Giordano,Putnam, Skau,′ 95]
A uniquely ergodic CMS is O.E. to an Odometer or a Denjoy’s.

So there are two types of orbit equivalence classes that they
are both related to an almost automorphic system.



Questions:

I What ican we say for Strong Orbit Equivalence?

I For non-uniquely ergodic systems, what can we say for
different types (in terms of recurrence) of dynamics in one
Orbit equivalence class?

I Is it true that in any strong orbit equivalence class, there exists
an almost automorphic system?



Strategy

I CMS



1) infinite spectrum,

2) finite spectrum and non-weakly mixing

3) weakly mixing

The second one will be turned into the other ones. Indeed,

SP(T ) = {e2πi 1
q , · · · , e2πi q−1

q } ⇒ X = X1 ∪ · · · ∪ Xq

such that T q|Xi , 1 = 1, 2, · · · , q is minimal and it is weakly
mixing or having irrational spectrum.



We observe that
I infinite set of spectrum:

Let (X , T ) be a Cantor minimal system with infinite spectrum
described by (Z , R). Then there exists a minimal almost 1:1
Extension (almost automorhic), (Y , S), such that (Y , S) is
(strong) orbit equivalent to (X , T ).

(Y , S) (S .)O.E . (X , T )
↘ ↙

(Z , R)

I weakly mixing

For any Denjoy’s there exists some weakly mixing systems in
its strong orbit equivalence class. But there are some
counterexamples for the second and the third questions.



Dimension groups:

I D(X , T ) = C (X ,Z)/{f − f ◦ T : f ∈ C (X ,Z)},

I Dm(X , T ) = C (X , T )/{f :
∫

f dµ = 0, ∀µ ∈MT (X )},

Remark. Dm(X , T ) = D(X , T )/Inf (D(X , T )).

I Theorem.[GPS,’95] (X , T ) O.E. (Y , S) iff

(Dm(X , T ), D+
m(X , T ), [1X ]) ' (Dm(Y , T ), D+

m(Y , T ), [1Y ]).

I Theorem.[GPS,’95] (X , T ) S.O.E. (Y , S) iff

(D(X , T ), D+(X , T ), [1X ]) ' (D(Y , T ), D+(Y , T ), [1Y ]).



I Real coboundaries: (1− T )C (X , R)

I Theorem. Let (X ,T ) be a CMS. λ = exp(2πiθ), 0 < θ < 1 is
an eigenvalue, iff

∃ clopen Uλ; 1Uλ
− θ1X = F − F ◦ T ∈ (1− T )C (X , R).

I Corollary. Let (X ,T ) be a CMS. λ = exp(2πiθ), 0 < θ < 1 is
an eigenvalue, then

∃ clopen U; µ(U) = θ

∀ µ ∈MT (X ).



I Theorem. Let (X , T ) be a CMS and (Z , R) be the CMS
which describes the SP(T ). Then

Dm(Z , R) =< {[1Uλ
] : λ ∈ SP(T )} > .

I Remark. If for any finite number of irrational eigenvalues, say
{e2πiθj}nj=1, the set {1,

∏n
j=1 θj} are rationally independent,

then
D(Z , R) =< {[1Uλ

] : λ ∈ SP(T )} > .

I

ι : Dm(Z , R)→ Dm(X , T )
[1Uλ

] 7→ [1Vλ
]



I Theorem. Let (X , T ) and (Z , R) be as before. Then

Dm(X , T )/Dm(Z , R)

is torsion free. In particular,

0→ Dm(Z ,R)→ Dm(X , T )→ Dm(X , T )/Dm(Z , R)→ 0.

is a short exact sequence.



I Theorem. [Sugisaki, 2011] Let (Z , R) be a uniquely ergodic
CMS and G be a simple dimension group such that

0→ Dm(Z ,R)→ G → G/Dm(Z , R)→ 0

is a short exact sequence. Then

∃ an almot 1 : 1 extension, (Y , S), with Dm(Y , S) = G .

I

(Y , S) (S .)O.E . (X , T )
↘ ↙

(Z , R)



Now we are going to examine the strong orbit equivalence class of
weakly mixing systems in having an almost automorphic system.



I Theorem. [Ormes, ’97] Let (X , T ) be a CMS and (Y , S , µ) be
an ergodic system that the rational spectrum of T is contained
in the measurable spectrum of S . Then there exists a CMS,
(X , T ′), with an ergodic invariant measure ν on X such that

(Y , S , µ) ' (X , T ′, ν) and (X , T ) S.O.E. (X , T ′)

I Using Bratteli diagram and combinatorial properties of weak
mixing:

Theorem. If (X , T ) is of "finite rank" and has trivial rational
spectrum then, there exists a topologically weakly mixing
system, (X , S), strongly orbit equivalent to it.



I Spectrum


i) rational numbers in the spectrum

ii) irrational numbers in the spectrum

I i) [GPS, ’95] the rational subgroup of D(X , T ) is not trivial.

Q(D(X , T )) = {[g ] : ∃n, k ∈ Z, n[g ] = k[1X ]} 6= Z.

I ii) the set of values of the traces contains irrational numbers.

∃ θ ∈ Qc , ∃ U clopen; µ(U) = θ, ∀µ ∈MT (X ).

τ(D(X , T )) ∩Qc ∩ [0, 1] = {µ(U) : U is clopen} ∩Qc 6= ∅.



Example:

I 1) Let σ : {0, 1} → {0, 1}+ be the substitution with

σ(0) = 001, σ(1) = 00111.

Let (B, V ) be the Stationary Bratteli diagram associated to it
with incidence matrix:

Mn = M =

[
2 1
2 3

]
and M1 =

[
1
1

]
0 // Z // G τ // 1

2Z[1
2 ] // 0

I [1X ] = (1, 1)⇒ Q(D(X , T )) ' Z

τ(D(X , T )) ⊂ Q
I can not be strongly orbit equivalent to an almost automorphic

system.


