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Additive Free Convolution: Analytic Approach

µ ∈M: distribution on IR, on C+: (upper halfplane)

Fµ(z) :=
(∫ ∞
−∞

µ(dt)
z − t

)−1
,

is a Nevanlinna function: that is ( C+ → C+ ),

such that limz Fµ(z)/z = 1, <(z)/=(z) bounded, defines class: F .

Define:

(1) φµ(z) := F (−1)
µ (z)− z, (characterizing µ ),

(Bercovici, Pata, Biane, Voiculescu 96,99), F (−1)
µ (z) defined on a µ-dependent subset

(2) φν1�ν2 = φν1 + φν2 ,

on the common domain of definition of φν1 , φν2
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Expansions of C-Transforms in the Free CLT I

Gµ(z) :=

∫
R

µ(dx)

z − x

µn((−∞, x ]) := µn�((−∞, x
√

n]), m1(µ) = 0, m2(µ) = 1,

formal expansion using free cumulants

α3(µ) = m3(µ), α4(µ) = m4(µ)− 2, . . .

Gµn (z) = Gw (z) +
∞∑

k=1

Bk (Gw (z))

nk/2 , where

Bk (z) :=
∑

cp,m
zp

(1/z − z)m , cp,m = cp,m(α3(µ), . . . , αk+2(µ)).
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Expansion of Cauchy-Transforms in the Free CLT II

B1(z) = α3(µ)
z3

z−1 − z
, Um(x) = Um(cos θ) :=

sin(m + 1)θ

sin θ
, m = 1,2, . . .

B1(Gw (z)) =
α3(µ)√
z2 − 4

G3
w (z) = α3(µ)

2∫
−2

1
z − x

d
(1

3
U2(

x
2

)pw (x)
)
, z ∈ C+

pw (x) :=
1

2π

√
(4− x2)+

B2(z) =
(
α4 − α2

3
) z4

1/z − z
+ α2

3

( z5

(1/z − z)2 +
z2

(1/z − z)3

)
.

If α3(µ) 6= 0: B2(Gw ) is not a Cauchy-Transform of a finite signed measure.

If α3(µ) = 0 then

B2(Gw (z)) =
α4(µ)√
z2 − 4

G4
w (z) = −α4(µ)

2∫
−2

1
z − x

d
(1

4
U3(x/2)pw (x)

)
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Approximation by Meixner Family

a.c.− µa,b,d(x) =

√
4(1− d)− (1− b)2(x − a)2

2π(bx2 + a(1− b)x + 1− d)
,

an :=
m3√

n
, bn :=

m4 −m2
3 − 1

n
, dn :=

m4 −m2
3

n
Wigner half-circle: (= free Gaussian) : µ0,0,0 = w

Marchenko-Pastur: (= free Poisson) : µa,0,0, a 6= 0

Free Pascal: (= Neg. Binomial) : µa,b,0, a 6= 0,b > 0, ∆ > 0

Free Gamma: µa,b,d , b > 0, ∆ = 0

Pure free Meixner: µa,b,d , b > 0, ∆ < 0

Discriminant ∆ := a2(1− b)2 − 4b(1− d).
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Approximations in the Free CLT II

ν signed measure with density:

pν(x) := 1
2π (x2 − 1)

√
(4− x2)+

an := m3√
n , bn := dn − 1

n , dn :=
m4−m2

3
n

Th.: [Chistyakov, G. PTRF]

free add. convolution of ident. µ

s.th. βq = βq(µ) <∞, q ≥ 5 and m1(µ) = 0, m2(µ) = 1.

There ∃ c > 0 s.th. ∀ n ≥ m4

sup
x∈R
|Fn(x)− µan,bn,dn ((−∞, x ])− 1

n
ν((−∞, x ])| ≤ cβ5n−3/2.

≤ ηnn−(q−2)/2,

where |ηn| ≤ 1 and if 4 < q < 5, limn ηn = 0.
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Asymptotic Approximations in the Free CLT
free add. convolution of ident. µ s.th. βq(µ) <∞, q ≥ 4

moments: m1(µ) = 0, m2(µ) = 1, bn := (m4 −m2
3 − 1)n−1

Th. [Chistyakov-G. PTRF]

Fn(x + an) = µw ((−∞, x ])

+ pw (x)
(an

3
(3− U2

(x
2
)
)− a2

n

2
U1
(x

2
)
− bn − a2

n − n−1

4
U3
(x

2
))

+ ρn2(x),

where

|ρn2(x)| ≤ c

ηn n−(q−2)/2 if βq <∞, 4 ≤ q < 5

β5n−3/2 if βq <∞, q ≥ 5,

where |ηn| ≤ 1 and for 4 < q < 5 limn ηn = 0. x ∈ R, n ≥ m4

If m3(µ) = 0 simple form:

Fn(x) = µw ((−∞, x ])− m4(µ)−2
4n U3

( x
2

)
pw (x) + ρn2(x).

proof-global
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Expansion of Densities

If supp(µ) ⊂ [−L,L] , supp(µn) ⊂ [−2− L√
n , 2 + L√

n ] for n ≥ 1, (Voiculescu(1986),

For n ≥ n0 and µ nontrivial, µ′n(x) = pn(x) exists. (Belinschi-Bercovici (2004)).

Recall dn :=
m4−m2

3
n ,bn = dn − 1

n ,an = m3n−1/2, En := 1−bn√
1−dn

= 1−O(n−1).

Theorem (Chistyakov-G. PTRF )

Assume supp(µ) ⊂ [−L,L], m1(µ) = 0, m2(µ) = 1.

Then for n ≥ n0, |θ| ≤ 1, and h := c̃(µ)n−3/2 ,

pn(x + an) = pw (Enx)
(

1− an x +
1
2

dn − a2
n −

1
n
−
(

bn −
1
n

)
x2
)

+

+n−3/2 c(µ)θ√
4−(Enx)2

, where x ∈ [− 2
En

+ h, 2
En
− h],∫

R

|pn(x)− pw (x)|dx =
2|m3|
π
√

n
+ θc(µ)n−1, m3 6= 0

= c̃0|m4 − 2|n−1 + θc(µ)n−3/2, m3 = 0
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Classical Entropy Distance

r.v. X with density p, EX 2 <∞, a := E X , σ2 := Var(X ),

entropy of X : h(X ) := −
∫

p(x) log p(x) dx , L(Z ) = Φa,σ

Entropy distance to normality:

D(X ) = h(Z )− h(X ) =

∫ +∞

−∞
p(x) log

p(x)

ϕa,σ(x)
dx ∈ [0,+∞],

D(a + bX ) = D(X ), a ∈ IR, b 6= 0, (translation and scale)

D(X ) = 0, iff X is normal.
D(X ) shortest Kullback-Leibler distance of L(X ) to any normal law.

X ,X1, . . . ,Xn i.i.d. EX 2 <∞, Sn := X1 + · · ·+ Xn.

n 7→ D(Sn) is monotone: Artstein,Ball,Barron,Madiman (02, 07).

Th. (A. Barron (1986))

D(Sn)→ 0, as n→∞, iff D(Sn0 ) <∞ for some n0 ≥ 1.
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Entropic CLT Expansions

Th. (Bobkov-Chistyakov-G., AOP (2013)) Sn := X1 + . . .+ Xn.

Assume X ,Xj , j ∈ IN are i.i.d. βs := EX s <∞, s ≥ 2. If

D := D(Sn0 ) <∞, n0 ≥ 1, s0 := [(s − 2)/2)] ∈ IN, if s = 4 : s0 = 1

D(Sn) = c1 n−1 + c2 n−2 + . . .+ cs0 n−s0 + o
(
(n log n)−(s−2)/2),

cj depend on cumulants of X : c1 = 1
12 γ

2
3 ,

extends to X ,Xj ∈ IRd for s ∈ IN .

Lower bound: 2 < s < 4 exist D(X ) with

c(η)
(log n)η (n log n)−(s−2)/2 ≤ D(Sn) = o

(
(n log n)−(s−2)/2

)
, n ≥ n1(X )

for arbitrary small η > 0.
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Free Entropy Distance
χ(ν) :=

∫ ∫
R×R

log |x − y | ν(dx)ν(dy) + χ0, χ0 =
3
4

+
1
2

log 2π,

maximized by Wigner’s w , for all m1(ν) = 0, m2(ν) = 1,

Entropic Distance for such ν:

D(ν) := χ(w)− χ(ν)

µn := D((X1 + . . .Xn)/
√

n) , X1, . . . ,Xn, identically distr. free variables,

normalized: m1(X1) = 0 and m2(X1) = 1. with density pn, n ≥ n1,

D(µn)→ 0, Wang (2010), monotonicity: Shlyakhtenko (2007)

Th. (Chistyakov-G. (2012/13), arxiv)

For n ≥ n1, E|X1|s <∞

D(µn) =
m2

3

6
n−1 +

θn

n
, where

θn = O(n−1/2), s =∞, θn = O(n−1/5), s = 8, θn = o(1), s > 5
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Asymptotic Expansions in the CLT in Fisher-Information Distance

X with density p: I(X ) := I(p) :=

∫ +∞

−∞

p′(x)2

p(x)
dx ,

or I(X ) := +∞. Let E X = a, Var(X ) = σ2 Cramer-Rao:

I(X ) ≥ I(Z ), where D(Z ) = N(a, σ2) with = iff D(X ) = D(Z ).

I(Sn) is monotone in n. Relative Fisher information

I(X ||Z ) := I(X )− I(Z ) =

∫ +∞

−∞

(
p′(x)

p(x)
−
ϕ′a,σ(x)

ϕa,σ(x)

)2

p(x) dx

dominates the relative entropy (cf. Stam (1959)).

Xj i.i.d. as above. Linnik (1959) Barron and Johnson (2004) proved that

I(Sn)→ I(Z ), as n→∞,

i.e., I(Zn||Z )→ 0, if and only if I(Zn0 ) is finite for some n0, e.g. n0 = 1
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or I(X ) := +∞. Let E X = a, Var(X ) = σ2 Cramer-Rao:

I(X ) ≥ I(Z ), where D(Z ) = N(a, σ2) with = iff D(X ) = D(Z ).

I(Sn) is monotone in n. Relative Fisher information

I(X ||Z ) := I(X )− I(Z ) =

∫ +∞

−∞

(
p′(x)

p(x)
−
ϕ′a,σ(x)

ϕa,σ(x)

)2

p(x) dx

dominates the relative entropy (cf. Stam (1959)).

Xj i.i.d. as above. Linnik (1959) Barron and Johnson (2004) proved that

I(Sn)→ I(Z ), as n→∞,

i.e., I(Zn||Z )→ 0, if and only if I(Zn0 ) is finite for some n0, e.g. n0 = 1
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Asymptotic Expansion of Fisher-Information Distance

Th. (Bobkov-Chistyakov-G.(2012), PTRF)

Let βs := E |X1|s < +∞, s ≥ 2, s ∈ IN

Assume I(Sn0 ) < +∞, for some n0. Then, with s0 = [(s − 2)/2],

I(Sn||Z ) =
c1

n
+

c2

n2 + · · ·+ cs0

ns0
+ o

(
n−

s−2
2 (log n)−

(s−3)+
2

)
,

as n→∞, with coefficients cj like c1 = 1
2 γ

2
3 .

I(Sn||Z ) ≤ c(β4, I(X1)

n
, s = 4.

For s = 6, the result involves a coefficient c2 = c2(γ3, γ4, γ5).

If c1 = 0, then c2 = 1
6 γ

2
4 .
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Free Fisher Information

Let µ(dx) = p(x)dx ,

Φ(ν) =
4π2

3

∫
R

p(x)3 dx .

maximized by Φ(w) = 1. Let

µn := D((X1 + . . .+ Xn)/
√

n) , X1, . . . ,Xn,

identically distr. free variables with E X s
1 <∞

normalized: m1(X1) = 0 and m2(X1) = 1. µn has density pn, n ≥ n1

Th. (Chistyakov-G. (2012/13), arxiv)

For n ≥ n1,

Φ(µn) =

∫
R

pn(x)3 dx = Φ(w)−
m2

3

n
+
θn

n
, .

where θn = O(n−1/2), s =∞, θn = O(n−1/5), s = 8, θn = o(1), s > 5
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Proof: Subordinating Fct.

[Voiculescu (1992), Biane (1998), Chistyakov & G. (2005), Belinschi (2006)]

Given ν1, ν2: exist unique functions fj (z) ∈ F , s. th.

(1) Fν1 ◦ f1 = Fν2 ◦ f2 ∈ F ,

(2) f1(z) + f2(z) = z + Fν1 (f1(z))

∃ unique (w1,w2) ∈ D ⊂ C2
+ :

Fν1 (w1) = Fν2 (w2); w1 + w2 = z + Fν1 (w1)

define fj : wj = fj (z)

Consequence:

unique ν1 � ν2 with Fν1�ν2 = Fνj ◦ fj , j = 1,2,

Then: fj = F (−1)
νj ◦ Fν1�ν2
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Proof: Free Convolution of n Identical Measures

For prob. measure µ exist unique subordinating fct. Zn ∈ F s.th.

z = nZn(z)− (n − 1)Fµ(Zn(z)), z ∈ C+,

and

Fµn�(z) = Fµ(Zn(z)).

Hence

Fµn�(z) =
n

n − 1
Zn(z)− z

n − 1
.

renormalizing µ�n to µn yields: (1)

Sn(x) := n−1/2Zn(
√

nz)
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Higher order equations and Meixner Families

If m3(µ) = 0 then dn = m4n−1,bn = dn − n−1

pµn2 (x) :=
1

2π

√
(4(1− dn)− (1− bn)2x2)+

bnx2 + 1− dn
, x ∈ R

using subordinate functions:

0 = Sn(z)5 − zSn(z)4 + Sn(z)3 +
ηn2(z)√

n
Sn(z)2 +

ηn3(z)

n
Sn(z)

−ηn4(z)z
n2 ,

ηn2 = Oz(1), ηn3 = O(1), ηn4 = O(1)

Sn(z) ≈ Sn2 := 1
2

((
1 + bn

)
z +

√(
1− bn

)2z2 − 4
(
1− dn

))
, z ∈ C+,

F. Götze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 18 / 25



Higher order equations and Meixner Families

If m3(µ) = 0 then dn = m4n−1,bn = dn − n−1

pµn2 (x) :=
1

2π

√
(4(1− dn)− (1− bn)2x2)+

bnx2 + 1− dn
, x ∈ R

using subordinate functions:

0 = Sn(z)5 − zSn(z)4 + Sn(z)3 +
ηn2(z)√

n
Sn(z)2 +

ηn3(z)

n
Sn(z)

−ηn4(z)z
n2 ,

ηn2 = Oz(1), ηn3 = O(1), ηn4 = O(1)

Sn(z) ≈ Sn2 := 1
2

((
1 + bn

)
z +

√(
1− bn

)2z2 − 4
(
1− dn

))
, z ∈ C+,

F. Götze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 18 / 25



Higher order equations and Meixner Families

If m3(µ) = 0 then dn = m4n−1,bn = dn − n−1

pµn2 (x) :=
1

2π

√
(4(1− dn)− (1− bn)2x2)+

bnx2 + 1− dn
, x ∈ R

using subordinate functions:

0 = Sn(z)5 − zSn(z)4 + Sn(z)3 +
ηn2(z)√

n
Sn(z)2 +

ηn3(z)

n
Sn(z)

−ηn4(z)z
n2 ,

ηn2 = Oz(1), ηn3 = O(1), ηn4 = O(1)

Sn(z) ≈ Sn2 := 1
2

((
1 + bn

)
z +

√(
1− bn

)2z2 − 4
(
1− dn

))
, z ∈ C+,

F. Götze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 18 / 25



Higher order equations and Meixner Families

If m3(µ) = 0 then dn = m4n−1,bn = dn − n−1

pµn2 (x) :=
1

2π

√
(4(1− dn)− (1− bn)2x2)+

bnx2 + 1− dn
, x ∈ R

using subordinate functions:

0 = Sn(z)5 − zSn(z)4 + Sn(z)3 +
ηn2(z)√

n
Sn(z)2 +

ηn3(z)

n
Sn(z)

−ηn4(z)z
n2 ,

ηn2 = Oz(1), ηn3 = O(1), ηn4 = O(1)

Sn(z) ≈ Sn2 := 1
2

((
1 + bn

)
z +

√(
1− bn

)2z2 − 4
(
1− dn

))
, z ∈ C+,

F. Götze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 18 / 25



Truncation Step

Fµ(z) = z +

∫
R

τ(du)

u − z
, z ∈ R, Nevanlinna Repr.

Fµ∗(z) = z +

∫
|u|≤
√

n−1/π

τ(du)

u − z
, z ∈ R,

τ ≥ 0 measure s.th. τ(R) = 1. Note m1(µ∗) = 0,m2(µ∗) = 1− o(n−1).

F(µ∗)n�(z) = Fµ∗(Z ∗n (z))

New subordinating Fct.: Tn(z) := Z ∗n (z
√

n)n−1/2

Using conformal maps: |Sn(x)− Tn(x)| ≤ ηn√
4−(En(x−an))2

n−1,

where ηn = o(1), s > 5, ηn = n−1/5, s = 8, x ∈ In.

Expansion of densities pn(x) and p∗n(x): In : |x − an| ≤ 2
En
− o(n−1),

pn(x) = p∗n(x) + ηn√
4−(en(x−an))2

n−1 + ρn(x),

ρn(x) continuous s.th.
∫

In
ρn(x) dx = o(n−s/2), 0 ≤ ρn ≤ c(µ).
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Classical Convolutions and Independence of Linear Forms

Let X1, . . . , Xn, n ≥ 2, be independent. Consider

Lα = α1X1 + · · ·+ αnXn, Lβ = β1X1 + · · ·+ βnXn, where αj , βj ∈ R.

Theorem ( Darmois, Skitovich):

Lα ⊥ Lβ (independent)⇒ Xj Gaussian, if αjβj 6= 0.

Nica (96) Distributional invariance under rotations implies Wigner

Lehner (04): n = 3 : Darmois-Skitovich fails
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Linear Forms and Free Summands

Theorem: (Chistyakov, G.,2011, arxiv)

αj , βj ∈ IR with αjβj 6= 0 and βj
αj
6= βs

αs
for j , s = 1, . . . ,m, where m ≤ n,

and αjβj = 0 for j = m + 1, . . . ,n. The linear statistics

Lα = α1T1 + · · ·+ αnTn, Lβ = β1T1 + · · ·+ βnTn

are free if and only if the distributions µT1 , . . . , µTm have compact supports and

the free cumulants κs(Tj ), j = 1, . . . ,m, satisfy the relations:

s ∈ {2, . . . ,m} : For all (l , t) ∈ N2 such that l + t = s it holds:

m∑
j=1

αl
jβ

t
j κs(Tj ) = 0,

s ≥ m + 1 : κs(Tj ) = 0.
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Measures with Finitely Many Nonzero Free Cumulants

For κ1, . . . , κm introduce ϕ(z) := κ1 + κ2
z + · · ·+ κm

zm−1 , z ∈ C \ {0},
and Ωϕ as component of {z ∈ C+ : =(z + ϕ(z)) > 0} containing∞.

Theorem: (Chistyakov, G., 2011, arxiv) {κn}∞n=1 ∈ IR with

κn = 0, n ≥ m + 1, m ≥ 2,

are free cumulants of some p-measure with compact support

if and only if every Jordan curve, contained in C+ ∪ R, connecting 0 and∞,

contains a point of the boundary of Ωϕ.

Consequences:

regions in the (κ3, κ4)-plane for cumulants 0,1, κ3, κ4,0, . . .

-0.4 -0.2 0.2 0.4
Κ3

-0.05

0.05

0.10

0.15

0.20

0.25

Κ4

κ3, . . . κm ∈ [−ε, ε], Bercovici-Voiculescu (95) (e.g. no Cramér theorem)F. Götze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 22 / 25
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Characterization of Semicircular Laws

For z ∈ C and αj , βj ∈ [−1,1], j = 1, . . . ,n, consider:

Λ1(z) =
n∑

k=1

|αk |z −
n∑

k=1

|βk |z and Λ2(z) =
n∑

k=1

αz
k −

n∑
k=1

βz
k .

Theorem: (Chistyakov, G., 2011, arxiv)

Let T1, . . . ,Tn be free and identically distributed with Tj
D∼ µ.

Assume Λ1(z) 6≡ 0. The statements:

(1) µ is a semicircular measure

(2) Lα
D
= Lβ

are equivalent, if and only if the following conditions are satisfied:

(a) 2 is a simple and unique positive zero of the function Λ1(z),

(b) Λ2(2m − 1) 6= 0 for all m = 1, . . . . classical

F. Götze (Bielefeld) Approximations in the CLT Toronto, July, 23, 2013 23 / 25
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D∼ µ.

Assume Λ1(z) 6≡ 0. The statements:

(1) µ is a semicircular measure

(2) Lα
D
= Lβ

are equivalent, if and only if the following conditions are satisfied:

(a) 2 is a simple and unique positive zero of the function Λ1(z),

(b) Λ2(2m − 1) 6= 0 for all m = 1, . . . . classical
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Classical Conditions (Linnik, Zinger)

Theorem: X1, . . . ,Xn be i.i.d. with Xj
D∼ µ.The statements:

(1) µ is a normal law

(2) Lα
D
= Lβ

are equivalent, if and only if:

(a) Λ1(2) = 0,

(b) all positive zeros s of Λ1 , with s = 4k , k ∈ N, are simple zeros,

(c) all positive zeros s of Λ1, with s = 4k + 2, k ∈ N ∪ {0}, have multiplicity

at most two; a zero of multiplicity two is unique and the largest positive

zero,

(d) if Λ1 has a positive zero s, which is not an even integer, then it is unique,

simple, and the largest positive zero, and [s/2] is odd. free
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Thank you!
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