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Introduction
Quantum Wiener integrals

Results

Integration - product formulae

Classical integration by parts

Let xt =
∫ t

0 α(s)ds, yt =
∫ t

0 β(s)ds. Then

xtyt =

∫ t

0
(α(s)ys + xsβ(s))ds

=

∫ t

0

∫ s

0
(α(s)β(r) + α(r)β(s))drds
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Wiener integration by parts

Let Xt =
∫ t

0 f (s)dW s ,Yt =
∫ t

0 g(s)dW s . Then

XtYt =

∫ t

0
(f (s)Ys + Xsg(s))dWs +

∫ t

0
f (s)g(s)ds

=

∫ t

0

∫ s

0
(f (s)g(r) + f (r)g(s))dWrdWs +

∫ t

0
f (s)g(s)ds
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Quantum stochastic integration by parts

Let Xt =
∫ t

0 F (s)dΛs ,Yt =
∫ t

0 G (s)dΛs . Then

XtYt =
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0
(f (s)Ys + Xsg(s))dWs +

∫ t

0
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Quantum Wiener integrals

Results

Integration - product formulae

Quantum stochastic integration by parts

Let Xt =
∫ t

0 F (s)dΛs ,Yt =
∫ t

0 G (s)dΛs . Then

XtYt =

∫ t

0
(FsYs + XsGs + Fs∆Gs)dΛs

=

∫ t

0

∫ s

0
(FrGs + FsGr )dΛrdΛs +

∫ t

0
Fs∆GsdΛs .

Mateusz Jurczyński Quantum Wiener chaos expansion



Introduction
Quantum Wiener integrals

Results

Motivations

1 Fock space provides a universal arena for stochastic calculus.

2 ’Duality transforms’ induce algebraic structure on Fock space.

3 Products of stochastic integrals are expressible in closed-form
formulas.

4 Known classical examples are particular cases of a general
quantum picture.
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Quantum Wiener integrals

Results

Multiple Wiener integrals

Let (Wt)t≥0 be the canonical one-dimensional Wiener process on
(Ω,F ,P).

One can form multiple Wiener integrals:

In(f ) =

∫
· · ·
∫

∆n

f (t1, · · · , tn)dWt1 ...dWtn ∈ L2(Ω,F ,P)

f ∈ L2(∆n), ∆n = {(t1, · · · , tn) ∈ [0,∞)n : t1 ≤ ... ≤ tn}.

Theorem (Wiener-Segal-Itô)

L2(Ω,F ,P) =
⊕
n≥0

In(L2(∆n)).

Also: compensated Poisson process, certain Azéma martingales.
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Mateusz Jurczyński Quantum Wiener chaos expansion



Introduction
Quantum Wiener integrals

Results

Multiple Wiener integrals

Let (Wt)t≥0 be the canonical one-dimensional Wiener process on
(Ω,F ,P). One can form multiple Wiener integrals:

In(f ) =

∫
· · ·
∫

∆n

f (t1, · · · , tn)dWt1 ...dWtn ∈ L2(Ω,F ,P)

f ∈ L2(∆n), ∆n = {(t1, · · · , tn) ∈ [0,∞)n : t1 ≤ ... ≤ tn}.

Theorem (Wiener-Segal-Itô)
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Results

Noncommutative probability

Probability Quantum probability

L∞(Ω,F ,P) (A, ω),A v.N.a., ω normal state
1A,A ∈ F p = p∗ = p2 ∈ A
f : Ω→ X r.v. F : B → A unital ∗ −homomorphism
P ◦ f −1 ω ◦ F .
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Introduction
Quantum Wiener integrals

Results

Fock space

Fix Hilbert space k.
Set K = L2(R+; k), k⊗n = k⊗ ...⊗ k (k⊗0 = C) and

K∨n = Lin{f ⊗n : f ∈ K}.

Symmetric Fock space over K:

Fk = Γ (K) =
⊕
n≥0

K∨n.

K and F decompose as follows:

K = K[0,t[ ⊕ K[t,∞[, Fk = Fk
[0,t[ ⊗F

k
[t,∞[,

where KI := L2(I ; k) and Fk
I := Γ (KI ) for I ⊂ R+.
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Exponential vectors

ε(f ) := (1, f ,
f ⊗2

√
2
, · · · , f ⊗n√

n!
, ...).

Exp := Lin{ε(f ) : f ∈ L2(R+; k)}.

Ω := ε(0) = (1, 0, 0, ...).

ωΩ(A) = 〈Ω,AΩ〉.
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Quantum Wiener integrals

Results

Topological version of Schürmann Reconstruction Theorem

Theorem (Das–Lindsay 2012, Lindsay–Skalski 2004)

Every quantum Lévy process is (equivalent to) a Fock space
quantum Lévy process, i.e. a process
(js,t : A→ (B(Fk), ωΩ))0≤s≤t for some Hilbert space k.

Moreover, this process is expressible in terms of multiple quantum
Wiener integrals.
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Quantum Wiener integrals

Results

Guichardet space 1: Definition

Definition

Γ = Fin(R+); Γs,t = Fin([s, t[)

{s1 < ... < sn} 7→ (s1, · · · , sn) ∈ Rn
+;

µ({∅}) = 1.

µ(Γ0,t) = et .

We denote the sets by Greek letters - α, β, γ.

Definition

Fk ∼= {F ∈ L2(Γ ;
⊕
n≥0

k⊗n) : ∀σ∈Γ F (σ) ∈ k⊗#σ}.
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Guichardet space 2: Explanation

Let x be a vector from the Fock space over L2(R+; k) = K. Then

x

(σ)

∈ (C,K,K⊗2, ...,

k⊗n, ...

)

↓ ↗
σ = {s1 < ... < sn}

f ∈ L2(R+; k) :

πf (∅) = 1C, πf (σ) = ~⊗s∈σf (s), πf 7→ ε(f ).
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Guichardet space 3: quantum Wiener integrands

Let k̂ := C⊕ k.

For f ∈ L2(R+; k) let f̂ (s) =
( 1
f (s)

)
∈ k̂.

Consider F : Γ →
⊕
n∈N

B(k̂⊗n) such that F(σ) ∈ B(k̂⊗#σ).

Example

For F : R+ → B(k̂) we can define πF : Γ →
⊕
n∈N

B(k̂⊗n) by

πF ({s1 < ... < sn}) = Fs1 ⊗ ...⊗ Fsn .
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Guichardet space 4: quantum Wiener integrals

Implicit definition: Multiple quantum Wiener integral

〈πf ,ΛN
s,t(F)πg 〉 = e〈f ,g〉

∫
Γs,t

dσ〈π
f̂
(σ),F(σ)πĝ (σ)〉.

ΛN
t := ΛN

0,t ”=”
∑
n≥0

Λn
t .

Bi-adaptedness property:

ΛN
s,t(·) = IF[0,s[

⊗ (∗)⊗ IF[t,∞[
.

Evolution property:

ΛN
r ,s(πF )ΛN

s,t(πF ) = ΛN
r ,t(πF ), r < s < t.
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Well-definedness of the integral

Proposition

Let F =

(
K M
L N

)
: R+ → B(k̂) =

(
B(C) B(k;C)

B(C; k) B(k)

)
have the

property that

‖K·‖ ∈ L1
loc(R+), ‖L·‖, ‖M·‖ ∈ L2

loc(R+), ‖N·‖ ∈ L∞loc(R+).

Then Dom(ΛN
t (πF )) ⊃ Exp.

Proposition

Let F ∈ L1,2,2,∞. Then Dom(ΛN
t (F)) ⊃ Exp.
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Quantum Wiener convolution

Definition

For F,G ∈ L1,2,2,∞, define F ?G : Γ →
⊕

n∈N B(k̂⊗n) by

F ?G(σ) =
∑

α∪β=σ

F(α;σ)∆(α ∩ β;σ)G(β;σ).
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Placement notation

Let k ≤ n ∈ N, σ = {s1, · · · , sn}, α = {si1 , · · · , sik}.
X = X1 ⊗ ...⊗ Xk ,Xi ∈ B(k̂).

X (α;σ)(u1 ⊗ ...⊗ un) =
n⊗

i=1

Yiui ,

where

Yi =

{
Xj i = ij , j ∈ {1, · · · , k};
I i /∈ {i1, · · · , ik}.

X (α;σ) = Xi1···ik .

∆ =

(
0 0
0 Ik

)
.

F ?G(σ) =
∑

α∪β=σ

F(α;σ)∆(α ∩ β;σ)G(β;σ).
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Quantum Wiener product formula

Theorem (MJ-Lindsay)

Let F,G ∈ L1,2,2,∞. Then F ?G ∈ L1,2,2,∞

and

ΛN(F)ΛN(G) = ΛN(F ?G) on Exp.
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Applications

1 Universal picture of various stochastic products:
k = C,

F = L2(Γ ), f , g ∈ F ,

(f ?W g)(σ) =
∑
α⊂σ

∫
Γ

dωf (α ∪ ω)g((σ \ α) ∪ ω).

(f ?P g)(σ) =
∑

α∪β=σ

∫
Γ

dωf (α ∪ ω)g(β ∪ ω).

2 Lie-Trotter product formulae.
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