
Anna Lubiw
University of Waterloo

Visibility Graphs, 
Dismantlability, 

and the 
Cops-and-Robbers Game



Visibility Graphs

Abstract

DISTANCE VISIBILITY GRAPHS

Collette Coullard
Dept. of Industrial Engineering and Management Sciences

Northwestern University
Evanston, Illinois, USA
coullard@iems. rtwu. edu

Anna Lubiw
Dept. of Computer Science

University of Waterloo
Waterloo, Ontario, Canada, N2L 3G1

alubiw@aater. waterloo, edu

A new necessary condition for a graph G to be the
visibility graph of a simple polygon is given: each 3-
connected component of G must. have a vertex ordering
in which every vertex is adjacent to a previous 3-clique.
This property is used to give an algorithm for the dis-
tance visibility graph problem: given an edge-weighted
graph G, is it the visibility graph of a simple polygon
with the given weights as Euclidean distances?

1. Introduction

Given a simple polygon P in the plane with vertex set
V, the visibility graph of P, denoted G(P), is a graph
on vertex set V with an edge between two vertices iff
they are visible in P—i.e. the line segment joining them
remains inside the closed region of the plane bounded
by P. We will insist on the non-standard qualification
that visibility lines may not go through intermediate
-rertices. The edges of P are edges of G(P). See Figure
1.1.
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Figure 1.1.

There is no polynomial time algorithm known to
recognize visibility graphs—i.e. to decide given a graph,
whether it is the visibility graph of some polygon. Nor
is the problem known to be NP-hard. III fact, it is not
even known if the problem is in NP. See O’Rourke’s
book [0’ R]. Though direct practical applications of a
visibility graph recognition algorithm seem remote, we
are surely missing some fundamental and potentially
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visibility graphs are a mystery with respect to other known graph classes
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The recognition problem for visibility graphs is, given a graph, to determine 
whether it is the visibility graph of a simple polygon. The complexity of this 
problem is unknown. In this paper we show how to determine, in linear time, 
whether a graph is the visibility graph of a spiral polygon. 8 1990 Academic press. IX. 

1. INTRODUCTION 

A simple polygon P is a closed chain of line segments in the plane with no 
two non-adjacent line segments intersecting. A polygon is represented by its 
boundary chain, an ordered sequence, [ u$, UT,. . . , v,*- i J, of real-valued 
(x, -y) coordinates called the vertices of the polygon. 

Two vertices ur and u,? are visible if the closed line segment between 
them does not intersect the exterior of P. Note that if the line segment 
touches the boundary of P the vertices are still considered visible. The 
uisibi&y graph, G, of P is the graph whose vertices correspond to the 
vertices of P and two vertices are adjacent in G if the corresponding 
vertices in P are visible. Throughout this paper the label of a vertex of P is 
the label of the corresponding vertex of G followed by an asterisk. 

The recognition problem for visibility graphs is, given a graph, determine 
whether it is the visibility graph of a simple polygon. Ghosh has identified 
three necessary conditions for a graph to be a visibility graph and has 
conjectured that these are sufficient [5]. However, it is not clear that they 
can be checked in polynomial time. El Gindy has found a set of necessary 
conditions for a graph to be the visibility graph of a conuex fun [3]. 
El Cindy has also shown that all maximal outerplanar graphs are visibility 
graphs. In general, however, the recognition problem for visibility graphs is 
open. 

1 
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Abstract 

There is no known combinatorial characterization of the visibility graphs of simple polygons. 
In this paper we show negative results on two different approaches to finding such a characteriza- 
tion. We show that Ghosh’s three necessary conditions for a graph to be a visibility graph are not 
sufficient thus disproving his conjecture. We also show that there is no finite set of minimal 
forbidden induced subgraphs that characterize visibility graphs. 

1. Introduction 

Visibility problems form a large class of problems in computational geometry that 
arise in such areas as graphics, robot motion planning, pattern recognition and VLSI 
design [12,14]. Some of these problems are of a combinatorial nature and visibility 
graphs are a combinatorial structure that capture the visibility information appropriate 
for their solution. For example, visibility graphs can be used to find the shortest path 
between two objects in the plane that avoids some set of obstacles [16,10]. 

Visibility graphs have been defined for several types of geometric objects; in this 
paper we restrict our attention to the visibility graphs of simple polygons. The visibility 
graph of a simple polygon is the graph whose vertices correspond to the vertices of the 
polygon and such that two vertices in the graph are adjacent if the corresponding 
polygon vertices are visible, that is, if the line segment between them does not intersect 
the exterior of the polygon. 

?? Corresponding author. 
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visibility graphs are a mystery with respect to other known graph classes

. . . except for some special cases:
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Visibility Graphs

Maximal subclasses: [+]Details

SC 2-tree

maximal outerplanar

Problems

Problems in italics have no summary page and are only listed when ISGCI contains a result for the current
class.

3-Colourability [?] Unknown to ISGCI [+]Details

Clique [?] Unknown to ISGCI [+]Details

Clique cover [?] Unknown to ISGCI [+]Details

Cliquewidth [?] Unbounded [+]Details

Cliquewidth expression [?] Unbounded or NP-complete [+]Details

Colourability [?] Unknown to ISGCI [+]Details

Cutwidth [?] Unknown to ISGCI [+]Details

Domination [?] NP-complete [+]Details

Feedback vertex set [?] Unknown to ISGCI [+]Details

Hamiltonian cycle [?] Unknown to ISGCI [+]Details

Hamiltonian path [?] Unknown to ISGCI [+]Details

ISGCI
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Dismantlable Graphs

eorem.  [A.L. et al.] Visibility graphs are dismantlable.

Definition. A graph G is dismantlable if it has a vertex ordering {v1,v2, . . . ,vn} 
such that 

for each i < n, there is a vertex vj, j > i that dominates vi in the graph 
induced by {vi, . . . ,vn}.

Equivalently: v1 is dominated by another vertex and G − v1 is dismatlable.

Definition. u dominates v if N[u] ⊇ N[v].

v
1

v
3

v
6

v
7

v
8



Dismantlable Graphs
eorem.  [Nowakowski and Winkler, 1983.  Quilliot, 1983] 
Graph G is dismantlable iff it is cop-win in the cops and robbers game.

Cops and Robbers Game:

cop
robber
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Dismantlable Graphs
eorem.  [Nowakowski and Winkler, 1983.  Quilliot, 1983] 
Graph G is dismantlable iff it is cop-win in the cops and robbers game.
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Dismantlable Graphs
eorem.  [Nowakowski and Winkler, 1983.  Quilliot, 1983] 
Graph G is dismantlable iff it is cop-win in the cops and robbers game.

Cops and Robbers Game:

a cop-win graph has a vertex v1 dominated by another vertex

cop
robber

u

v1



Dismantlable Graphs

eorem.  [A.L. et al.] Visibility graphs are dismantlable.

Proof.  Every polygon has a visibility-increasing edge:
      an edge (u,v) such that for every point p along the edge (u,v), 
                               V(u) ⊆V(p) ⊆V(v).

uv p

V(u)

a

b
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Dismantlable Graphs

eorem.  [A.L. et al.] Visibility graphs are dismantlable.

Proof.  Every polygon has a visibility-increasing edge:
      an edge (u,v) such that for every point p along the edge (u,v), 
                               V(u) ⊆V(p) ⊆V(v).

uv p
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a

b

uv p
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b

uv p

V(u)

V(p)

V(v)

a

b

en v dominates u and 
removing u gives smaller polygon.

uv

w



Cops and Robbers in a Polygon

e cop wins the cops and robbers game on the visibility graph of a polygon
. . . because  the graph is dismantlable
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Cops and Robbers in a Polygon

e cop wins the cops and robbers game on the visibility graph of a polygon
. . . because  the graph is dismantlable

cop
robber

. . . GAME OVER!



Cops and Robbers in the Interior of a Polygon

eorem.  [A.L., H. Vosoughpour] e cop wins the cops and robbers game 
in the interior of a polygon.  
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Cops and Robbers in the Interior of a Polygon
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In fact, the cop can win by playing on the reflex vertices.
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Consequence: interior visibility graphs are a natural class of infinite cop-win 
graphs.

Geňa Hahn [Cops, Robbers and Graphs, 2007]: “As of this writing, no 
interesting classes of infinite cop-win graphs have been described.”

Cops and Robbers in the Interior of a Polygon

eorem.  [A.L., H. Vosoughpour] e cop wins the cops and robbers game 
in the interior of a polygon.

u

v

interior visibility graph



Cops and Robbers in the Interior of a Polygon

eorem.  [A.L., H. Vosoughpour] e cop wins the cops and robbers game 
in the interior of a polygon.

Proof.  e cop wins by taking the first step of the shortest path to the robber. 
In particular, the cop can play on the reflex vertices.  e robber is trapped in 
an ever-shrinking region.

the robber can’t leave Pi

c
i

c
i<1

l
i

r
i<1

P
i



Cops and Robbers in the Interior of a Polygon

eorem.  [A.L., H. Vosoughpour] e cop wins the cops and robbers game 
in the interior of a polygon.
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In particular, the cop can play on the reflex vertices.  e robber is trapped in 
an ever-shrinking region.
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Cops and Robbers in Curved Regions

eorem.  [A.L., H. Vosoughpour] e cop wins the cops and robbers game 
in the interior of a closed region (with a reasonable boundary).
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are sometimes necessary.
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when seen by a pursuer
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eg 
Fig. 1. l-iiui examples arc shown that have similar geometry. The example in 
the lower right requires two pursuers, while the other three examples require 
only one. 

For any F that has at least one hole, it is clear that at least two pursuers will be 
necessary; if a single pursuer is used, the evader could always move so that the hole 
is between the evader and pursuer. In some cases subtle changes in the geometry 
significantly affect H(F). Consider for example, the problems in Figure 1. Although 
the problems are similar, only the problem in the lower right requires two pursuers. 

Consider H(F) for the case of simply-connected free spaces. Let n represent the 
number of edges in the free space, which is represented by a simple polygon in this 
case. A logarithmic worst-case bound can be established: 
Theorem 1 For any simply-connected free space F with n edges, H(F) = O(lgn). 

Proof. The proof is built on the following observation. Suppose that two 
vertices of F are connected by a linear segment, thus partitioning F into two simply-
connected, polygonal components, F\ and F2. If H(F\) < k and H{F2) < k for 
some k, then H{F) <k+\ because the same k pursuers can be used to clear both 
F\ and F2. This requires placing a static (k + l)th pursuer at the edge common to 
Fj and F2 to keep F\ cleared after the k pursuers move to F2 (assuming arbitrarily 
that F\ is cleared first). 

In general, if two simply-connected polygonal regions share a common edge and 
can each be cleared by at most k pursuers, then the combined region can be cleared 
at most k + 1 pursuers. Recall that for any simple polygon, a pair of vertices 
can always be connected so that polygon is partitioned into two regions, each with 
at least one third of the edges of the original polygon.4 This implies that F can 
be recursively partitioned until a triangulation is constructed, and each triangular 
region only requires O(lgn) recombinations before F is obtained (i.e., the recursion 
depth is logarithmic in n). Based on the previous observation and the fact that each 
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Conclusions

• contributions to: visibility graphs, cops and robbers, pursuit evasion

• visibility graphs ⊆ dismantlable graphs

• infinite visibility graphs are cop-win

• the cop wins the cops and robbers game in a polygon (even played 
in all interior points, and even for curved regions) 



Conclusions

• contributions to: visibility graphs, cops and robbers, pursuit evasion

• visibility graphs ⊆ dismantlable graphs

• infinite visibility graphs are cop-win

• the cop wins the cops and robbers game in a polygon (even played 
in all interior points, and even for curved regions) 

• OPEN.  Do three cops suffice in polygonal regions with holes?  (ree are 
sometimes necessary.)
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