
TheNetworkExpansionProblemwith

Non-linearCosts

SaeedehKetabi

DepartmentofManagement,

UniversityofIsfahan

InternationalConferenceonOptimization,TransportationandEquilibrium

inEconomics

September15-19,2014



•Designingthenewlinks’capacitieswithoutimprovingtheexistinglink
facilities,

•Minimizingthesummationoftwocosts,theperformancecostsofexisting
andnewlinksandtheconstructioncostsofthenewlinks,

•Thenetworkexpansionproblemistofindtheminimumofthedifference
ofconvexfunctionsoverthelinearconstraints.

•Tuy(1987)proposedamethodfortheD.C.problem:theproblemis
transformedtoaconcaveminimizationoveraconvexfeasibleset.
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Introduction

•Networkmodels,

–Theminimumcostroutingproblem,wheretheobjectiveistofindthe
optimumwayofroutingtrafficthroughagivennetwork,satisfying
givendemands,

–Thenetworkdesignproblem,wherethenetworkandthecapacities
ofthelinksshouldbeplannedaccordingtotheflowpattern.

•Thecosts,

–constructingcostofthelinkingfacilities(knownasconstructionor

designcost),

–theroutingcostofthenetwork(knownasperformancecost).

•Networkdesignproblems:

–newnetworkdesign

–networkexpansion

–networkimprovement
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TheNetworkExpansionProblem

Z=min
∑

l∈L1xlDl(
xl

kl)+
∑

l∈L2(ylDl(
yl

cl)+Cl(cl))(1)

s.t.
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l∈Sifk
l−
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l=dk

i,∀k∈K,i∈N
∑

k∈Kfk
l=

{

xl,∀l∈L1
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fk
l≥0,∀k∈K,l∈L1∪L2

cl≥0,∀l∈L2

(2)

inwhich
N:thesetofnodes,L1:thesetofexistinglinks,

K:thesetofsourcenodes,L2:thesetofnewlinks,
M:thesetofdestinationnodes,Si:thesetofalllinkwiththestartnodei,
dk

i:thetrafficdemandonifromk,Ei:thesetofalllinkswiththeendnodei,
fk
l:theflowonlinkloriginatedfromk,
xl:thetotalflowontheexistinglinkl,kl:theexistingcapacityforthelinkl,
yl:thetotalflowonthenewlinkl,cl:therequiredcapacityforthenewlinkl,
Dl:theperformancecostfunctionforlinkl,
Cl:theconstructioncostfunctionforthenewlinkl.
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TheNetworkExpansionProblem(continued)

•Decomposingtheproblemontwovariablesetsyandcanddefining

Hl(xl)=xlDl(
xl

kl

),∀l∈l1,

Hl(yl)=min
cl≥0

ylDl(
yl

cl

)+Cl(cl),∀l∈l2

•wehave:

Z=min
∑

l∈L1Hl(xl)−
∑

l∈L2(−Hl(yl))(3)

s.t.
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fk
l≥0,∀k∈K,l∈L1∪L2

(4)

•Hlisconvexforl∈L1andisconcaveforl∈L2andthenetworkexpansion
problemwillbeequivalenttoaflowproblemwiththeobjectionfunction
asadifferenceoftwoconvexfunctions.
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TuyMethodforD.C.problemwithlinearconstraints

•Considerthefollowingd.c.optimizationproblem:

(P)minf(x)−g(y)

s.t.

{

Ax+By+c=0
x∈X,y∈Y

•Introducingthesupplementaryvariablet:

(P)mint−g(y)

s.t.

{

f(x)≤t
Ax+By+c=0
x∈X,y∈Y

•equivalentto:

(Q)mint−g(y)

(y,t)∈D

•inwhich

Y0={y∈Y:∃x∈XAx+By+c=0}
ϕ(y)=inf{f(x):Ax+By+c=0,x∈X}

D={(y,t):ϕ(y)≤t,y∈Y0}
andDisconvex.
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Algorithm

•step0

SelectthepolyhedronS0s.t.:Y0⊆S0⊆Y
andchooseanarbitraryy

0
∈Y0.

Solvetheconvexproblemc(y
0
)as:

(c(y
k
))minf(x)

s.t.

{

Ax+Byk+c=0
x∈X

Ifϕ(y
0
)=−∞,thenproblem(Q)isinfinite(Stop).

Otherwise,letλ
0

bethekuhn-tuckermultipliersvectorand:

T1={(y,t):y∈S0,λ
o
B(y−y

0
)+ϕ(y

0
)−t≤0}

andk←1.

•step1

Solvethefollowingrelaxedproblem.Letitsoptimalsolutionbe(yk,tk).

(Qk)mint−g(y)

(y,t)∈Tk
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•step2

Solvethefollowinglinearprogram(R∗(yk))(solution:µkandγk).

(R∗(yk
))maxµ(Bykµ+c)+γd

s.t.

{

−µA+γE=0
µe≤1
γ≥0

Itisthedualtotheproblem(R(yk))inwhichtheoptimalsolutionθ=0wouldbe
equivalenttothefeasibilityconditionyk∈Y0:

(R(y
k
))minθ

s.t.

{

Ax+Byk+c=eθ
x∈X,θ≥0

Ifµk=γk=0,thengotostep3,otherwisegotostep4.

•step3

Solvetheconvexproblem(c(yk))(solution:yk,ϕ(yk)).
Ifϕ(yk)=−∞,thenproblem(Q)isinfinite(Stop).
Ifϕ(yk)≤tk,then(yk,tk)isoptimalto(Q)and(p)(Stop).
Otherwise,ϕ(yk)>tk,thenletλkbethekuhn-tuckermultipliersforc(Yk)andaddthe
followingconstrainttoTk.

λ
k
B(y−y

k
)+ϕ(y

k
)−t≤0

Letk←k+1andreturntostep1.



•step4

AddthefollowingconstrainttoTk.

µ
k
(By+c)+γ

k
d≤0

Letk←k+1andreturntostep1.



TuyMethodfortheNetworkExpansionProblem

Z=min
∑

l∈L1Hl(xl)−
∑

l∈L2(−Hl(yl))(5)

s.t.

{
∑

l∈Si∩L1xl+
∑

l∈Si∩L2yl−
∑

l∈Ei∩L1xl−
∑

l∈Ei∩L2yl=di,∀i∈N
xl≥0,∀l∈L1,yl≥0,∀l∈L2

(6)

Considertheconvexproblemasfollows:

(c(y
k
))min

∑

l∈L1Hl(xl)(7)

s.t.

{
∑

l∈Si∩L1xl−
∑

l∈Ei∩L1xl=d
′

i,∀i∈N(ui)

xl≥0,∀l∈L1(vl)
(8)

Ifx∗istheoptimalsolutiontoproblem(c(yk)),thenitslagrangianmultipliers,
uiandvlisthesolutionofthefollowingsystemofequations:

H
′

l(x∗
l)+uil−Ujl−vl=0forl∈L1

x∗
lvl=0forl∈L1

vl≥0forl∈L1

(9)

itisnotnecessarytosolveproblem(R∗(yk)),becauseforeachyk∈Y,there
isonex∈Xsuchthattheflowconservationconstraintholds,andtherefore
thereexistsoneyk∈Y0.
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NumericalExample

Consideranetworkof6nodesand16existinglinksand2newlinks.Assume
thatthesupplyatnode1is10andthedemandatnode6is10.

Dl(
xl

kl)=al+bl(
xl

kl)
4

xl(cl)=gl
√cl

Hl(xl)=xl(al+bl(
xl

kl

)
4
),l∈l1

and

Hl(yl)=yl(al+bl(
yl

(8bly5
l/gl)(2/9)

)
4
+gl((8bly

5
l/gl)

(1/9)
),l∈l2.
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Data

Linkno.startnodeendnodealblkl

1121103
2132510
321339
4234204
5245503
6312202
7321101
8351110
9422845
1045333
1146922
12534106
135442544
145623320
1564551
1665614.5

TheDatafortheexistinglinksinthetestexample
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Linkno.startnodeendnodealblgl

1250.40.50.2
2340.50.50.25

TheDataforthenewlinksinthetestexample



intermediateresult

•Y0={(y1,y2)|0≤y1≤10,0≤y2≤10}

•initialfeasibleflowy
0
=(0,0)

•TheflowontheexistinglinksisdeterminedbyFrank&Wolfemethodas
x
0

=(1.90,8.10,0,0.79,1.11,0,0,8.89,0,0,1.11,0,0,8.89,0,0)withthe
objectivevalueofϕ(y

0
)=102.25.

•Thecorrespondinglagrangianmultipliersis:λ
0
=(0,8.59,12.75,15.35,16.87,25.31).

•
T1={(y,t)|0≤y1≤10,0≤y2≤10,0≤t≤100000,8.27y1+2.61y2+t≥102.25}
then,thesolutiontotheconcaveproblemwiththefeasiblesetT1would
bey

1
1=10.01,Y

1
2=7.45andt

1
=0.00withtheobjectivevalueof

t
1
−g(y

1
)=10.03.

•ϕ(y
1
)>t

1
+0.005ϕ(y

1
),acutisaddedtoseparatedy

1
,theflowonthe

newlinks,fromT1.
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•Thecutswhichhavebeenaddedforthesolutionsoftheconcaveproblem
areasfollows:

−6.03y1+0.49y2+t≥37.73
17.92y1−19.04y2+t≥16.25
4.21y1−5.19y2+t≥84.33
−6.00y1+6.21y2+t≥72.60
0.71y1+0.98y2+t≥88.56
−1.60y1+0.69y2+t≥83.20
1.18y1−1.06y2+t≥87.51
0.93y1−1.11y2+t≥90.65



Result

kyk
1yk

2tktk−g(yk)ϕ(yk)ϕ(yk)−g(yk)ϕ(yk)−tkUBD
110.017.450.0010.0394.56104.5994.56102.25
23.0310.0051.1259.28152.52160.68101.40102.25
33.685.6157.1863.1098.05103.9740.87102.25
44.550.0065.1667.7199.99102.5434.83102.25
52.351.0880.0182.3985.9188.295.9088.29
65.223.6481.2586.7389.0994.577.8488.29
72.081.8785.2388.0187.1389.911.9088.29
82.191.0186.0088.2589.8192.063.8188.29
92.600.0088.2289.7989.3190.881.0988.29

TheresultforeachiterationofTuymethodforthetestexample
Optimalsolution

x∗=(2.09,7.91,0,0,0,0,0.26,6.57,0,0.06,1.02,0,0,8.98,0,0)

y∗=(2.35,1.08)

Thedesignedcapacitiesforthenewlinksaredeterminedbydefinitionfrom
Handc∗=(5.03,2.02).
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